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Resolution Graphs of Some Surface Singularities, I. 
(Cyclic Coverings) 

Andras Nemethi 

Abstract. The article starts with some introductory material about resolu- 
tion graphs of normal surface singularities (definitions, topological/homological 
properties, etc). Then we discuss the problem of ./V-cyclic coverings (X* jy, 0) — > 
(X,0) of (X,0), branched along ({/ = 0},0), where / : (X, 0) -» (C,0) is the 
germ of an analytic function. We present non-trivial examples in order to 
show that from the embedded resolution graph T(X, /) of / it is not possible 
to recover the resolution graph of (X^j\r,Q). The main results are the con- 
struction of a "universal covering graph" of T(X, f) from the topology of the 
germ /, and the completely combinatorial construction of the resolution graph 
of (Xf n,0) from this universal graph of / and the integer N. For this we 
also prove some classification theorems of "graph coverings" , results which are 
purely graph-theoretical. In the last part, we connect the properties of the 
universal covering graph with the topological invariants of /, e.g. with the 
nilpotent part of its algebraic monodromy. 



Introduction. 

The present article has several goals. First of all, it is an article with some exposi- 
tory character, presenting several aspects of the resolution graphs of normal surface 
singularities. Moreover, it creates the good language and right point of view in the 
graph-codifications of important geometric constructions, such as cyclic coverings 
of surface singularities, series of singularities, degeneration of curves, etc. This is 
realized by the introduction of a new combinatorial object: the "covering of graphs" 
(Section 1). We will present two main applications: the case of cyclic coverings of 
normal surface singularities (the present article, in the sequel: Part I), and the case 
of some series of singularities (a joint work with Agnes Szilard [30], in the sequel: 
Part II). 

Consider a normal surface singularity (X, 0) and a germ of an analytic function 
/ : (X, 0) — > (C, 0). Let Xf,N be the (normalized) cyclic TV-covering of (X, 0) 
branched along ({/ = 0},0). The final goal of Part I is to recover the resolution 
graph r(X/ ) jv) of Xf n from some invariants of the pair (X, /) and the integer TV. 
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Particular cases suggest that V(Xf^) might be computable from the embedded 
resolution graph T(X, f) of / and the integer N, but this is not true in general. 
In fact, T(X, f) and N codify all the local data of the covering, but they miss 
some global information. This global data is in a close relationship with the mon- 
odromy representation arc/* of the Milnor fibration associated with /, which plays 
an important role in the global geometry of all the cyclic coverings. 

In the second section we present the basic definitions and some of the (ele- 
mentary) properties of embedded resolution graphs. This section also serves as 
an introduction to Part II. Then we discuss "local/global" properties, showing e.g. 
that the embedded resolution graph does not determine the representation org*. 
The additional global information oiarg* will be codified in another graph G(X, /), 
called the "universal covering graph" of T(X, f). 

This already motivates the material of Section 1 , where a detailed presentation 
of the "cyclic covering of graphs" can be found. The section culminates in the 
classification theorems, which are indispensable in the applications. 

In the third section we present an algorithm which provides the resolution 
graph r(Xf t pf), in a purely combinatorial way, from the universal covering graph 
G(X, f) of T(X, f) and the integer TV. In fact, each graph Y(X^n) appears as 
a graph covering T(Xf^) — > T(X, /) modified by Hirzebruch-Jung strings. The 
family of graphs {T^Xf^)}^ behaves like a complicated series of graphs, which 
is coordinated by a unique graph, the universal covering of T(X, /). The global 
nature of the construction is emphasized by non-trivial examples. On the other 
hand, we always stress the particular cases when the global information can be 
recovered from the local (i.e. when G(X, /) is determined from T(X, /)), e.g. when 
the link of (X, 0) is a rational homology sphere. 

Each section and subsection has its own introduction, where the reader can 
find more guiding information (see also the introduction of Part II). 

1. Z— coverings of graphs 

1.1. In this section we present some graph-theoretical constructions. The con- 
struction of "cyclic covering of graphs" is motivated by the structure of the res- 
olution graphs of cyclic coverings of the normal surface singularities (X, 0) with 
branch locus (/ _1 (0), 0) C (X, 0) where / : (X, 0) — > (C, 0) is a germ of an analytic 
function (cf. 2.7). All these resolution graphs are controlled by a single "universal 
covering graph" which is a Z-covering of the embedded resolution graph of the pair 

(/- 1 (o),o)c(x,o). 

Graph coverings can be defined for an arbitrary discrete group G, and they 
have important applications even for G / Z. The general description, together 
with some applications, will be published elsewhere. In this article we only discuss 
the case G = Z, and we call the corresponding coverings "cyclic" or "Z-coverings" . 

1.2. Notations. For any graph T, we denote the set of vertices by V(r) and the 
set of edges by £(T) C V(r) x V(r). If there is no danger of confusion, we denote 
them simply by V and £. 

For simplicity, we will assume that our graphs have no loops. The interested 
reader can easily extend all our results for graphs with loops. If v £ V is a fixed 
vertex, let £ v be the set of edges which have v as one of their endpoints. If |T| is 
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the topological realization of the graph T, then we denote the rank of Hi(\T\,Z) by 
Cr, i.e. cr is the number of independent cycles of the graph T. 

1.3. Definitions. A morphism of graphs p : T\ — > T 2 consists of two maps 
px> : V(ri) — ► V(r2) and ps : £(ri) — > £(r2), smc/i i/iai i/ee £(ri) ^oss endpoints 
vi andv 2 , thenpg(e) is an edge in T 2 with endpoints pv(vi) and pv(v 2 )- If Pv an d 
P£ are isomorphisms of sets, then we say that p is an isomorphism of graphs. 

If T is a graph, we say that Z acts on T, if there are group-actions ay : Z x V — > 
V and a£ : Z x £ — > £ of Z w«i/i the following compatibility property: if e € £ has 
endpoints V\ and v 2 , then a £ (h, e) has endpoints a v (h, Vi) and a v (h, v 2 ). The action 
is trivial if av and as are trivial actions. 

If Z acts on both T\ and T 2 , then a morphism p : Ti — ► T 2 is equivariant if 
the maps pv and pg are equivariant with respect to the actions ofZ. If additionally 
p is an isomorphism then it is called an equivariant isomorphism of graphs. 

1.4. — The "segment graph". The simplest graph is the "segment graph" S 
which has two vertices V = {i>i, v 2 } and one edge £ = {e = (vi,v 2 )}. In the sequel 
S will always carry the trivial action of the structure group Z. 

1.5. —The "standard blocks" of Z— coverings. A "standard block" B, which 
covers the segment graph S, can be constructed as follows. 

Fix three strictly positive integers n\,n 2 and d, and set [n,m] — l.c.m.{n,m}. 
The standard block B{n\, n 2 , d) is a graph which consists of n\ + n 2 vertices V = 
■■■,Pn 1 , p i, ■■■, p n 2 } and d- [n 1 ,n 2 \ edges £ = {e 1 , e d[ni , n2] } and has the 
following structure: for each k E {1, . . . , d[ni, n 2 }}, the endpoints of the edge 
are P^) anc ^ ^j 2 (fc)' wnere *(^) = ^ (mod ni) and j[k) = k (mod n 2 ). Notice 
that P} and P? are connected by exactly d edges. The graph B(ni,n 2 ,d) has a 
natural Z-action given by as(n,ek) — e/, where I = k + n (mod d[n\,n 2 ]) and 
a^(n, Pj5) = P/, where I = k + n (mod nf) (i = 1, 2). 

Consider the "segment graph" S and the trivial Z-action on it. Then p : 
B(ni,n 2 ,d) — > S 1 defined by p(Pj) = Ui (i = 1,2) and p(efe) = (ui,i)2) is an 
equivariant morphism. 

Actually almost all the finite coverings of S are "standard blocks". Indeed, 
consider an arbitrary equivariant morphism p : B — > S of graphs, where -B is a finite 
connected graph with 5^0 and with a Z-action, p is an equivariant morphism 
such that the restriction of the action of Z on (i = 1,2), respectively 

on w 2 )), is transitive. Then, it is not difficult to show that p : B — > 5 is 

equivalent with the standard block B(n\, n 2 , d), where n{L (respectively d[n\, n 2 \L) 
is the maximal subgroup of Z which acts trivially on p~ l (vi) (i = 1, 2) (respectively 
on p-^fui,^))). 

1.6. — Cyclic (or Z— ) coverings of graphs. Now, consider an arbitrary graph 
T. We assume that Z acts on T in a trivial way. Any edge e with endpoints v\ and 
v 2 determines a natural "segment subgraph" S e — ({vi, v 2 }, {e}) of T. 

1.7. Definition. A Z-covering, or cyclic covering, of the finite graph T consists 
of a finite graph G, that carries a Z-action, together with an equivariant morphism 
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p : G — > T swc/i f/iai i/ie restriction of the Z-action on any set of type p 1 (v) 
(v G V(r)J, respectively p^ 1 (e) (e G £(T)), is transitive. 

This definition can be reformulated in terms of "standard blocks" as follows. 
For any v G V(T) (respectively edge e G £(T) with cndpoints {vi,v 2 }), let n v Z 
(respectively d e [n Vl , n V2 ]Z) be the maximal subgroup of Z which acts trivially on 
P \Vi) (i = 1, 2) (respectively on p~ 1 (e)). This defines a system of strictly positive 
integers (n, d) = {{n v } veV ( r y, {d e } ee£ ^ r )} ■ This system will be called covering 
data. 

1.8. Definition. Fix a graph T with a trivial Z-action, and a system of inte- 
gers (covering data) (n, d) = {{n v } ve v, {c? e }eef}- A Z-covering (or cyclic cover- 
ing) of type (n, d) of the graph T consists of a graph G, that carries a Z-action, 
together with an equivariant morphism p : G — > T such that for any v G V(r) 
(resp. e G £{T)) the set p _1 (u) (resp. p^ 1 (e)) consists of n v vertices (resp. 
n e = d e ■ [n Vll n V2 ] edges). Moreover, we assume that for any edge e, the sub- 
graph p~ 1 (S e ) is a "standard block" B = B(n Vl ,n V2 , d e ) such that the restriction of 
the Z-action ofZ to p^ 1 (S e ) coincides with the natural Z-action of B. 

The above definition shows that any cyclic covering G — > V is constructed from 
standard blocks which are glued equivariantly along the vertices {p _1 (u)}, where v 
runs over the vertices of V with degree > 2. 

1.9. Definition. Two cyclic coverings Pi : Gi — > T (i = 1,2) are equivalent 
(Gi ~ G 2 ) if there is an equivariant isomorphism q : G\ — > G2 such thatp2°q = p\. 

The set of equivalence classes of cyclic coverings ofT, associated with a system 
of integers (n, d), is denoted by G(T, (n, d)). 

1.10. Examples. 

a. ) If r = S, then G(T, (n, d)) has exactly one element for any (n, d). 

b. ) Let T be the cyclic graph with two vertices and two edges: V(r) — {v\, v 2 }, 
£(T) = {ei, e 2 } with both a (i — 1, 2) having vi and v 2 as endpoints. 

Set ni = n 2 = n. Then Q(T, (n, d)) has exactly n elements. Notice that we 
can have graphs that are not equivalent as cyclic coverings over T, but they are 
isomorphic as graphs. (Take e.g. the case n = 3.) 

The fact that in this case Q(T, (n, d)) is independent of the choice of d, is not 
a particularity of this example: it is true in the most general situation, cf. (1.15). 

1.11. — The trivial covering of (r, (n, d)). There is a special element in 
C?(r, (n, d)) which can be constructed as follows. Fix a distinguished edge in each 
standard block B(n Vl , n V2 , d e ). Then construct G in such a way that whenever the 
vertex v G V(r) of V is adjacent to the edges {e} e( z£ v of T, then the distinguished 
edges of all the blocks {p~ 1 (e)} ee £ v have a common endpoint (which is one of the 
vertices of G in p _1 (w)). Notice that this condition together with the existence of 
the Z-action determines all the other adjacency relations. 

The equivalence class of G constructed in this way does not depend on the 
choice of the distinguished edges in the standard blocks. Indeed, if we have two 
different choices of the distinguished edges in the standard blocks which provide 
two graphs G\ and G 2 by the above construction (both covering V), then for any 
edge e of T denote the distinguished edges in the blocks pJ 1 (S e ) by ei (i = 1, 2). 
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Then the map q{e\) = e<i (for any e) can be extended to an equivariant isomorphism 
q : G\ —* G2 with P2 ° q = Pi- 

The covering just constructed (or its class) is denoted by p : T — > T and it is 
called the trivial cyclic covering of (T, (n, d)). 

The trivial covering is characterized by the existence of a (non-equivariant!) 
morphism of graphs s : T — > T with p o s = idr (i.e. s is a section with 
s(e) ^distinguished edge above e). 

1.12. <7(I\ (n, d)) as a homogeneous space. Classification. 

If p : G — > T is a cyclic covering of T, then G is obtained by an equivariant 
gluing of #£(r) standard blocks. Above any vertex v G V(r) we have to glue 
together #£ v standard blocks. 

Regard T as a union of segments, with some endpoints glued together. Then 
it is useful to introduce an index set of all the endpoints of the segments. This is: 

I = U£v = U{ev}e v ee v . 

V V 

Now consider the following group indexed exactly over this set: B(T, n) = 

II Id ^n, = VI ^n v - Then B(T,n) describes the equivariant gluings in G. A 

v e v E£ v e„£/ 

typical element in B(T, n) is {b Cv } e „e/, where b Cv <G Z Hv . A generator set {g Cv } Cv ei 
has the form g £v = (0, 1, ...0), where all the entries are zero except the place e v , 
where we put the generator 1 of Z riv . 

B(T, n) acts in a natural way on the set G(T, (n, d)). We give the action of g ev 
for each e v G /. For this, fix v G V(r) and an edge e = e v with endpoints v and w. 
If G — > T is a covering, then above the segment S e we have the block B(n v ,n w , d e ). 
In particular, above the vertex v we have n v vertices cyclically permuted by the 
Z-action. Call them Pi, ...,P nv so that the action is Pi — > P 2 — > ... — > P nv — > Pi. 
We can detach the endpoint t> of the segment e from the graph T. In the graph 
G this means that we separate the endpoints of the block B(n v ,n w , d e ), that stay 
above v, from G. In this way we obtain the graph G v . It is represented in the right 
hand side of the next diagram. 



B 
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Hence, we can re-obtain G from G v if we re-glue Pi and Qi (i = 1, ...,n„). We 
emphasize that the action is Pi — » P^+i and similarly Qi — > Qi+i- Now, by defini- 
tion, g ev *G is obtained by the equivariant gluing Pi = Q2, -P2 = Q3, ■ • • , P«„ = Qi- 

Pi Qi e 2 



P 2 >. Q 2 



• 

Notice that there is a canonical equivariant identification of the edges of G and 
g Ev * G (which, in general, cannot be extended to a morphism of graphs). Indeed, 
there are natural morphisms q\ : G v — > G and q 2 : G v — > g e „ * G which correspond 
to the gluings described above. They induce isomorphisms at the level of edges, 
hence an isomorphism of sets: 

i gev (G):£(G)^£(g ev *G). 

On the above diagram of graphs, we decorated by e\ and e 2 two identified 
pairs of edges; this partial identification can be extended to a unique equivariant 
identification of edges. 

It is not difficult to see, that this construction (g Cv , G) g Cv * G can be 
extended to a group action of B(T, n). Moreover, for any g G B(T,n), one can 
define inductively an identification isomorphism: 

i g {G):£{G)^£{g*G). 

The verification of the following easy facts are left to the reader. 

1.13. Lemma. a.) If G\ ~ G 2 then g * G\ ~ g * G 2 for any g. In particular, 
we obtain a group action B(T,n) x C/(T, (n, d)) — > Q(T, (n, d)). 
b.) The above action on Q(T, (n, d)) is transitive. 

For a fixed G let Iso(G) be the isotropy subgroup {g € B(T,n) : g * G = G} of 
G. Since P(T, n) is abelian and the action is transitive, all the isotropy subgroups 
coincide. We denote this subgroup by I so C B(T, n). An immediate consequence of 
the previous lemma is that Q can be represented as a homogeneous set P(T, n)/Iso. 

In the next lemma, we will give a (possible) generator set of I so. Fix a covering 
p : G —> T. If e = (v, w) is an edge of V, then we can detach both endpoints of 
e from T. We make the same twist above the separated endpoints as before (but 
now above both endpoints). This operation does not change the equivalence class 
of G, since we just rotate the block p _1 (e), which is equivariant. In other words, 
for any edge e = (v,w), the equivariance of block p _1 (e) gives that g e * G ~ G, 
where g e = g ev ■ ffe„ ■ 
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Similarly, if v is a vertex, then we take the product g v = \ [ g etl and equiv- 

e v ££ v 

ariance of the fiber above v gives g v * G ~ G. 

1.14. Lemma. I so is generated by the elements {g e }ee£(r) an d {9v}vev(r)- 

Proof. We will prove that Iso(T) is generated by the elements {g e } e e£(r) an d 
{9v} 

Fix a section s : T — > T of T, which determines a set of distinguished edges 
{s(e)}eef(r) of T (cf. 1.11). Recall that for any g £ B(T,n), as we already men- 
tioned, there is a canonical equivariant identification i g = i g (T) : £(T) — > £ (g * T). 

Fix an clement g £ Iso(T), and set s g (e) :— i g (s(e)). The correspondence 
e i ► s 9 (e), in general, cannot be extended to a section of g * T — > T, (because, for 
a fixed w G V(T), the set of endpoints above v of the edges {s g {e v )} ev ^e v might 
contain more than one vertex). 

On the other hand, since g * T is trivial, there is a section s' : T — > g * T, which 
again determines a set of distinguished edges {s'(e)} eG £(r)- 

For any block of g * T above the segment S e of T, we can find an integer k e £ Z 
such that es(k e7 s g (e)) — s'(e). Set h — Yl e ge k "] then the endpoints of the edges 
{ihog{s(e))} above any vertex v consists of exactly one vertex, i.e. they form a 
section of (hog)* T. But, the elements g' of B(T, n), which have the property that 
for a section s of T, the set of edges {i g '(s(e))} e can be extended to a section, have 
the form g' = J\ v g^" (for some integers k v ). Hence g = Wg^" 1 II 9v° • 

Now, for any edge e with endpoints v\ and u 2 define n e = d e [n Vl ,n V2 ]. Let 

A(r, n) be the group ] [ Z„ c x ] [ Z n „ . The generators of A(T, n) are ^ e = 

eef(r) Dev(r) 

(0, 1, 0) (resp. 5„), whose all entries are zero except at the place e (resp. 
v), where we put the generator 1 of Z„ c (resp. of Z Mij ) . Consider the map 9 : 
A(T,n) -> B(T,n) given by 6»(g e ) = g e = g Bvi ■ g £v2 , and 9{g v ) = g v = Jl 5e„- 

Then by the above discussion <?(r, (n, d)) can be identified with the factor group 
coker^. Indeed, just notice that we have a distinguished element of Q, namely the 
trivial covering T. The action g £ B(T, n) — > g * T £ Q identifies G(T, (n, d)) with 
the factor group cokerff = B(T, to) /I so. 

The above discussions are summarized in the following theorem: 

1.15. Theorem. a.) One has the following exact sequence of abelian groups: 

A(r,n)-^S(r,n)-^S(r,(n,d))-0 

In particular, Q(T, (n, d)) is independent of d (therefore, sometimes we will use the 
more simple notation Q(T,n) for it). 

b.) IfT = JJ i=1 has k connected components {rj}-L 1; then 

a(r,(n,d)) = ©ti^(r,,(n,d)). 



1.16. — Q(Y' , (n, d)) for a subgraph V C T. Fix a graph V and integers (n, d) = 
{{n v } V £v; {c? e } ee f} as above. Then any subgraph T' (i.e. graph V with V(r') C 
V(r) and £(T') C f(T) ) inherits a system of integers {{n v } veV ( r ,y, {d e } e e£(r')} 
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still denoted by (n, d). The natural projections pr A ■ A(T,n) — > A(T',n) and 
prB ■ B(T, n) — ► B(V, n) can be inserted in the following diagram: 



1.17. 



kev(pr A ) 



A(T,n) 
pr A 

A(T',n) 



9(T) 



0(F) 



ker (pr B ) 



B(T,n) 

pr B 
B(T',n) 



coker 9 
j 

S(T,n) 
pr 















Then the horizontal lines and vertical columns are exact. This diagram will be used 
several times in the next paragraphs. As a first immediate fact, one has: 



1.18. Corollary. For any subgroup V cT, pr : g(T, (n, d)) -> g{V , (n,d)) is 
onto. 

The construction of the coverings G — > T suggests that the group £ (T) describes 
the possible twists above V. Intuitively it is clear that a non-trivial twist can be 
realized only above cycles of T. The next theorems state this fact rigorously. 

1.19. Theorem. Assume that T is a tree. Then Q(T, (n, d)) = for any (n, d). 

Proof. We can assume that T is connected (cf. 1.15). We prove the vanishing of Q 
by induction on the number of edges of T. If f/=£ = 1, then Q = by (1.10a) or by 
(1.15). If #£ > 2, fix a connected subgroup fcf such that V(r'j = V(r) \ {v}, 
and £(r') = £(T) \ {(v,w)} (i.e. V is obtained from T by deleting a vertex v 
with jf£ v = 1). Then, in (1.17), ker(pr A ) = %n v x Z d(u tii)[ „^„ m ], ker(pr B ) = 

Z nv x Z„ ro , and 9 : ker(pr A ) — > kcr(prs) is given by (a, 6) i— > (a + 6, 6), hence is 
onto. Therefore pr : G(T) — » 5(r') is an isomorphism. Hence the theorem follows. 

In Part II (5.53), we need the following generalization of (1.19). 

1.20. Theorem. Fix a graph T and (n, d) as above. Denote by V 1 the set of 

vertices {v G V(r) : n v = 1}. Let T^i be the subgraph of T obtained from T by 
deleting the vertices V 1 and all those edges which have at least one endpoint in V 1 . 
If each connected component ofT^i is a tree, then Q(T, (n, d)) = 0. 
The proof is similar to the proof of 1.19 (using the diagram 1.17), and it is left to 
the reader. 

Now, let T be a cyclic graph, i.e. V{T) = {vi,v 2 , ■ ■ ■ ,v k }, £(T) = {(vi,v 2 ), {v 2 ,v 3 ), 
■ ■■ , (v k ,vi)}. 
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1.21. Theorem. If T is a cyclic graph as above, and d = g.c.d.{n v : v G V(T)} ; 
then G(T, (n,d)) = 1 d . 

Proof. Let T' be the subgraph of V with V(T') = V(r) and £{V) = £(T) \ 
{(v k ,Vk+i)}. Then in (1.17) ker(pr A ) = %d k [n Vk ,n Vk+1 ], kcr{pr B ) = Z„„ fc x Z„ Vfc+i , 
and Q(T',n) = (because T' is a tree). Hence coker# = Z(„ ufc ,n v ) - * £?(r,n) 
is onto for any k. Therefore, G(T, n) is cyclic of order d' with d'\d. Now, consider 
the map B(T,n) = ]J k I? n ^ -> Z d given by ((ai,6i), (a 2 ,6 2 ), • • • ) a * ~ Si b i- 

This is obviously onto. The subgroup Iso is generated by (. . . , (0, 0), (1, 1), (0, 0), 
. . . ) and (. . . , (0, 1), (1, 0), . . . ). Therefore, there is a well-defined map Q(T, n) — > 
Zd, which is onto. Hence d = a". 

The proofs of (1.19) and (1.21) combined give: 

1.22. Corollary. Let r &e a graph with cr = 1 and ,/ke £/ie system of integers 
n = {^-y}v £e£ T' &e t/ie (unique) minimal cyclic subgraph ofT, and set d :— 
g.c.d.{n v : v £ V(r')}. Then Q{T, n) = Z d . 

We end this sphere of thought with the following fact: 

1.23. Lemma. If p : G — > T is a cyclic covering then cq > cr- 

Proof. If \G\ and |r| denote the topological realizations of the corresponding graphs, 
then HtdGlQ) 1 = ffi(|r|,Q), hence the result follows. Cf. also with (3.11), and 
also with (2.14), (3.21) and (3.25). 

1.24. — The modpj construction. (This will be crucial in Section 3.) 

Fix an arbitrary graph T and system of integers n = {n v } V £v and d = {d e } e ee 
as above. For any strict positive integer N, we introduce a new set of integers 
(TV, n) := {(N, n v )} veV and d', where d' e := (d e , N/(N, [ n Vl , n V2 ] ) ) . (In other words: 
if n e = d e ■ [n Vl ,n V2 ], then (n e ,N) = d' e ■ [(n Vl ,N),(n V2 ,N)].) We define a natural 
map: 

mod N : g(T, (n, d)) -» G(T, ((N, n), d')) 

as follows. Let G be a representative of an element of £7(r, (n, d)). Then modjv(G) 
is the "orbit graph" of the induced action of NZ. More precisely, we introduce the 

equivalence relation ~ on V(G), respectively on £{G): Vi ~ v 2 (resp. e\ ~ e 2 ) if 
there is an integer k such that av(kN 7 vi) = v 2 (resp. as(kN 7 e\) = e 2 ). Then 

modN^G) = Gj ~. 

1.25. — Variations on the theme of coverings. We can extend our set of 
coverings if we change the definition of the "standard block". Actually, what is 
really important in the definition of a block B is summarized in the following two 
principles: 

(a) B must be equivariant (i.e. it has a Z-action); 

(b) B must be rigid in the following sense: if as(h, e) — e for some h S Z and 
e G £{B), then all the edges and vertices of B are left invariant by the action of h. 

Otherwise, the block can be as complicated as we want. 
(1) First variation. Assume that the vertices of all our graphs have two types: 
arrowhead vertices A and non-arrowhead vertices W, i.e. V = ^[JW. Then in 
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the definition of the coverings p : G — > T we add the following axiom: A{G) = 
P -HA(T)). 

(2) Second variation. Assume that our graphs have some decorations. Then for 
coverings p : G — > T we require additionally, that the decoration of G must be 
equivariant. (At this moment, we require no connection between the decorations 
ofGandT.) 

(3) Third variation. The following construction is used extensively in Section 3: 
we change (in an equivariant way) each edge of G into a string. More precisely, we 
start with the following data: 

(a) a graph T and a system (n, d) as above; 

(b) a covering p : G —> T, as an element of Q(T, (n, d)); 

(c) for each edge e of T, we fix a string Str(e) (which may have some decora- 
tions): 

—ki -k 2 -k s 
Str(e) : -< • • • • • • - 



Denote the collection {Str(e)} ee £(r) of strings by Str. 
Then the new graph G(Str) is constructed as follows: we replace each edge e £ 
p' £ 1 {e) (with cndpoints vi and v 2 ) of G with the decorated string Str(e), as it is 
shown below: 

replaced — k\ —k 2 — k s 

• • • • • • • • 



- by 

vi v 2 J vi v 2 



2. Graphs associated with analytic germs 

Let (A, x) be a normal surface singularity and fix the germ / : (A, x) — ► (C, 0) 
of an analytic function. In the first subsection we review the definition of the 
embedded resolution graph T(X, /) of /, and we introduce our basic notations. 
For more details the reader is invited to consult the books of H. Laufcr [19] and 
Eisenbud-Neumann [10], as well as the survey article of J. Lipman [22]. In the 
next subsection, we discuss Jung's method of desingularization of normal surface 
singularities. Here we also recall the basic arithmetical properties of the resolution 
graph of Hirzebruch-Jung singularities. The third subsection deals with the topol- 
ogy of the link Lx of (X, x) and of the pair (A, f^ 1 (x)). We discuss in details the 
representation arg*(f) provided by the Milnor fibration associated with /. This 
representation will be crucial in the next subsection, and in Section 3. In the last 
subsection we introduce the "universal cyclic Z-covering" G(A, /) of the embedded 
resolution T(A, /). This covering graph coordinates all the resolution graphs of the 
cyclic coverings of (A, a;) branched along / _1 (0) (see the next section). 

In the body of this section we present many examples in order to clarify the re- 
lationship between the objects T(A, /), arg^(f), Lx and G(A, /). The verification 
of these examples sometimes is not absolutely trivial, but basically all of them are 
based on the main result (3.7). Even if that theorem is presented only in the next 
section, we prefer to give all these examples already here. The reader can skip the 
verification of them at the first reading. 
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The embedded resolution graph T(X, /). 

2.1. — The embedded resolution. Let (X, x) be a normal surface singularity 
and let / : (X, x) — ► (C, 0) be the germ of an analytic function. 

An embedded resolution <\> : (y,D) -> (77, /-^O)) of (/^(O), a;) C (X,x) is 
characterized by the following properties. There is a sufficiently small neighborhood 
U of x in X, smooth analytic manifold y, and an analytic proper map <p : y ^ U 
such that: 

1) if E = (f)^ 1 (x), then the restriction (j)\y\E ■ y\E — > U\{x} is biholomorphic, 
and ^ \ E is dense in y; 

2) D = cf)~ 1 (f~ 1 (0)) is a divisor with only normal crossing singularities, i.e. at 
any point P of E, there are local coordinates (u, v) in some small neighbourhood 
of P, such that in these coordinates / o cf> = u a v b for some non-negative integers a 
and b. 

If such an embedded resolution <p is fixed, then E = <j)^ 1 (x) is called the 
exceptional divisor associated with (f>. Let E = U we wE w be its decomposition in 
irreducible divisors. The closure S of 0~ 1 (/~ 1 (O)\{O}) is called the strict transform 
of / _1 (0). Let Uag^S'a be its irreducible decomposition. Obviously, D = E U S. 

In this section, for simplicity, we will assume that W ^ 0, any two irreducible 
components of E have at most one intersection point, and no irreducible exceptional 
divisor has a self-intersection. This can always be realized by some additional blow- 
ups. 

2.2. — The embedded resolution graph. We construct the embedded resolu- 
tion graph T(X, /) of the pair (X, /), associated with a fixed resolution <fr, as follows. 
Its vertices V = >V ]J A consist of the nonarrowhead vertices W corresponding to 
the irreducible exceptional divisors, and arrowhead vertices A correponding to the 
irreducible divisors of the strict transform S. If two irreducible divisors correspond- 
ing to vi 7 V2 G V have an intersection point then (vi 7 v 2 ) (= («2,^i)) is an edge of 
T(X, /). The set of edges is denoted by £. 

For any w G W, we denote by V w the set of vertices v e V adjacent to w. Its 
cardinality #V„, is called the degree 5 W of w. In Section 1 we introduced for any 
graph the set £ w of edges adjacent to w. Since, by our assumption, any two vertices 
are connected by at most one edge, one has the identification £ w = V w . 

The graph T(X, /) is decorated as follows. Any vertex w G W is decorated 
with three numbers. The first is the self-intersection e w :~ E w ■ E w . Equivalently, 
e w is the Euler-number of the normal bundle of E w in y. The second is the genus 
g w of E w . The third decoration is given by the multiplicity of /. More precisely, 
for any v G V, let m v be the vanishing order of / o (f> along the irreducible divisor 
corresponding to v. For example, if / defines an isolated singularity, then for any 
a G A one has m a = 1. 

In all our graphs, we put the multiplicities in parentheses (e.g.: (3)) and the 
genera in brackets (e.g.: [3]). In order to simplify the graphs, if g w = for some w, 
then we omit [0] from the graph. 

2.3. First properties of the graph. 

(1) Notice that the combinatorics of the graph and the self- intersection numbers 
codify completely the intersection matrix {E w ■ ^((^ewxw °f the irreducible 
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components of E. Moreover, this matrix is negative definite, see e.g. [25] page 230; 
[19] page 49, or [11]. 

(2) The following compatibility property holds between self-intersections and 
multiplicities. For any w G W one has: 

e w m w + m v = 0. 

Obviously, m v > for any v G V, hence the set of multiplicities determine the 
self-intersection numbers completely. The advantage of this fact is the following: a 
multiplicity can always be determined by a local computation, on the other hand 
the Euler-numbcr e w is a global characteristic class. 

Similarly, since the intersection matrix (E w ■ E v )( w ^ eWxW is negative defi- 
nite, these relations determine the multiplicities {m w } w ew in terms of the self- 
intersection numbers {e w } w and the multiplicities {m a } ae j[. 

2.4. — The resolution of (A, x). We say that <f) ■ J 7 — > U is a resolution of 
(X,x) if y is a smooth analytic manifold, U a neighbourhood of x in X, <j> is a 
proper analytic map, such that y\E (where E = <p~ 1 (x)) is dense in y and the 
restriction <f)\y\E ■ y\E — > U\ {x} is biholomorphic. 

The topology of the resolution and the combinatorics of the irreducible excep- 
tional divisors U W E W can by codified in the graph T(X), which is called the dual 
resolution graph of (X, x) associated with <p. If the divisor E is not a normal cross- 
ing divisor, then this codification can be slightly complicated, so in the sequel we 
will assume that the irreducible components of E are smooth and intersect each 
other transversally, the irreducible components have no self intersections, and there 
is no intersection point which is contained in more than two components. In this 
case, similarly as in the situation of the embedded resolution, the vertices of the 
dual graph correspond to the irreducible components of E, the edges to the inter- 
sections of these components, and each vertex w carry two decorations: the genus 
g w of E w , and the self-intersection E^. 

Actually, one can obtain a possible graph T(X) from any r(A, /) by deleting 
all the arrows and multiplicities of the graph T(X, /). 

The graphs T(X, /) and T(X) are connected (see [19], or Zariski's Main The- 
orem, e.g. in [12]). 

2.5. Example. — Plane curve singularities, (see e.g. [7]) Assume that 
(X, x) is smooth. Then the singular germ (,f _1 (x), x) C (A, x) can be resolved only 
by quadratic modifications. In this case, the graph T(X, /) is a tree, and g w = 
for any w G W. 

2.6. Example. The normalization of an arbitrary surface singularity. 

If (A, x) is a surface singularity, but it is not normal, then there is a canoni- 
cal way to construct its normalization A (sec e.g. [19]). If (X,x) has k local 
irreducible components, then its normalization will split into k normal singular 
space-germs. The corresponding resolution graph of (A, {x\, . . . ,Xk}) will have 
k connected components, each corresponding exactly to a resolution graph of the 
irreducible components (A, x{). 
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2.7. Example. — Cyclic coverings. Start with a normal surface singularity 
(X,x) and a germ / : (X, x) — ► (C, 0). Consider the covering b : (C, 0) — > (C, 0) 
given by z >— ► z*, and construct the fiber product: 

{X,x) JJ(C,0) = {{x',z) e (X x C,a; x 0) : /(a;') = 

By definition, ^/,jv is the normalization of (X, x) J}/ j(C, 0). There is a natural 
ramified covering Xf } N — > X branched along / _1 (0). 

2.8. Example. Hirzebruch Jung singularities. (Sec [14, 19, 5]). For a 
normal surface singularity, the following conditions are equivalent. If (X, x) satisfies 
(one of) them, then it is called Hirzebruch- Jung singularity. 

a) The resolution graph T(X) is a string, and g w = for any w G W. (If the 
graph is minimal then e w < — 2 for any w.) 

b) There is a finite proper map tt : (X, x) — > (C 2 , 0) such that the reduced 
discriminant locus of n, in some local coordinates (u,v) of (C 2 ,0), is {uv = 0}. 

c) (X, x) is isomorphic with exactly one of the "model spaces" {A n ^ q } nyq , where 
A n ^ q is the normalization of ({xy n ~ g + z n = 0}, 0), with < q < n, (n, q) = 1. 

If there is a map tt as in (b) with smooth reduced discriminant locus, then 
(X, x) is automatically smooth. 



Jung's method. Hirzebruch Jung singularities. 



2.9. Jung's method [17] gives not only a qualitative proof of the existence of 
the resolution <fi : (y, E) — ► (X, x) of a normal surface singularity (X, x) (see, e.g. 
[19] Theorem 2.1; or [5] Theorem 6.1), but also a rather clear recipe how this 
resolution can be constructed in concrete cases (see, e.g. [19] chapter III, or [22]). 
The Jungian strategy (presented for the case of a normal surface singularity (X, x)) 
can be summarized in the following diagram: 



X' 



X' 



(X,x) 




(C 2 ,0)D(A,0) 



where: 

a) tt : (X, x) —> (C 2 , 0) is a proper finite map with (reduced) discriminant locus 
(A,0) c (C 2 ,0). 

b) 0a is an embedded resolution of (A, 0) C (C 2 , 0). In particular, D = i/)^ 1 (A) 
is a divisor with normal crossing singularities. 

c) tt' : X' — > y is the pullback of tt via and X' is the normalization of 
X'. Then X' has only normal singularities, and the discriminant of the projection 
tt' has normal crossing singularities only. This property characterizes exactly the 
Hirzebruch- Jung singularities (cf. 2.8). 

d) X res — > X' is the resolution of the (Hirzebruch- Jung) singularities of X'. 
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2.10. Example. In general, the computation of the discriminant locus A of some 
projection n, and the whole process, can be rather complicated. But in some cases, 
the above recipe is really nice. For example, if (X, x) — ({f(x,y) + z N = 0},0) C 
(C 3 ,0), and tt is induced by (x,y,z) ^ (x,y), then (A,0) = ({/ = 0},0) C (C 2 ,0). 
It turns out, that the dual resolution graph of (X, x) can be recovered from the 
embedded resolution graph of / and the integer TV (see 3.12). 

The above strategy shows that, in order to resolve (X, x), we have to know two 
things: the embedded resolution of plane curve singularities, and the resolution of 
Hirzebruch-Jung singularities. 

2.11. — Hirzebruch Jung singularities. [14, 19, 5] (cf. also 2.8 ). 

From our point of view, (and also from the point of view of the strategy 2.9), 
it is more convenient to consider a biger class of "models" instead of {A„ i9 }„ jg . 

For any three strictly positive integers a, b and TV, with g.c.d.(a, b, TV) = 1, we 
define (X, x) = (X(a, b, TV), x) as the unique singularity lying over the origin in the 
normalization of ({a a /3 b + j N = 0},0). Let the germ 7 : (X(a,b,N),x) -> (C,0) 
be induced by (a, 0, 7) 1— > 7. In the sequel, we give the embedded resolution graph 
T(X, 7) of the germ 7. Obviously, if we delete the arrows and multiplicities of 
T(X, 7) we obtain the resolution graph T(X) of (X(a, , b, TV), x). 

First, consider the unique < A < TV/(a, TV) and mi £ N with: 

L X a N 

+ A • - — — = mi 



(a, TV) (a, TV)' 

If A 7^ 0, then consider the continuous fraction: 

^ — ki - , ki, . . . , k s > 2. 

k 2 -- 



1 

k s 

Then the following string, denoted by Str(a, b; N), is the embedded resolution graph 
T(X, 7 ) of 7: 

-ki -ki —k a 

((S^v)) " • • "• • *~ ((Flv)) 

(mi) (m 2 ) (m s ) 

The arrow on the left (resp. right) hand side codifies the strict transform of {a = 0} 
(resp. of {(3 — 0}). All vertices have genus g w = 0, i.e. they represent rational 
irreducible exceptional divisors. The first vertex has multiplicity mi given by the 
above congruence. Hence m 2 , ... , m s can easily be computed using (2.3), namely: 

— fcirai + a + m 2 = 0, and — hmi + mj_i + m i+ i = for i > 2. 
(a, TV) 

This resolution resolves also the germ a (induced by the projection (a, (3, 7) 1— ► a). 
The multiplicities of a along the (same!) divisors (exceptional divisors and strict 
transforms of {a = 0} and {/3 = 0}) are given in the next graph. (This is, in fact, 
the graph F(X, a), if we delete the arrow with zero multiplicity): 
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-ki -k 2 -k 8 

( ™> - — s — • i^r— (0) 

The other multiplicities can again be computed by (2.3). We emphasize again: the 
arrows codify the same strict transforms as the arrows of T(X, 7). 

The multiplicity of /3 along the corresponding irreducible divisors can be deter- 
mined symmetrically: 

— fci — k 2 —k s 

(o) -— • ••• • (A) 

((a,N)) (A) 



N 



where < A < N/(N, b) and 

a + X -Jb^) =ms {b, N) ' 

Obviously, the embedded resolution graph r(X, a l (3 j j k ) of the function a l f3^-f k 
defined on X can be deduced easily from the above resolution graphs. It has the 
same shape, the same self-intersections and genera, and the multiplicity m v (for 
any vertex v) satisfies: 

m v {a l l3 J ~f k ) = i ■ m v (a) +j ■ m v (f3) + k ■ m v (-y). 

Notation. The decorated string T(X, a % (5^ k ) will sometimes be denoted by: 

Str(a,b;N\i,j;k). 

Form the point of view of the classification theorem (2.8c), X(a,b,N) is an 
A„ j9 -singularity, where n = N/(a,N)(b,N) and q — X/(b,N) (cf. e.g. [5], page 
83-84). 

If A = 0, then the string has no vertices, in particular (X(a, b, N), x) is smooth. 
Moreover, in this case, the zero set of 7 (on X) has only a normal crossing sin- 
gularity: in some local coordinates (u,v) of (X, x), it can be represented as 7 = 
u a/{a,N) v b/{b,N) _ ^ ms case a b ove string becomes a double arrow, without 
any non-arrowhead vertices.) 



The topology of the link of /. 



2.12. — The link of (X, x). Let (X, x) be a normal surface singularity, and fix 
an embedding (X,x) C (C N ,0) for some N. Then, for sufficiently small eo > 0, all 
the spheres S € = {z e C N : ||z|| = e} (0 < e < e ) intersect (X, x) transversally 
(see, e.g. [24, 23]), and the differentiable manifold S e D X does not depend on the 
choice of e and of the embedding (X, x) C C N ,0). It inherits a natural orientation 
and it is always connected. It is called the link of (X,x), and denoted by L X - 

From a topological point of view, Lx characterizes (X, x) completely. If B e 
denotes the ball {z £ : ||^|| < e}, then for e sufficiently small (B e n X, x) is 
homeomorphic to (Cone(Lx), vertex of the cone). We will write U = B f n X for 
a small e. For such a U, consider an embedded resolution <j) : y — > U. Then the 
inclusion _1 (O) = E y admits a strong deformation retract r : y — > E, and y 
is a manifold with smooth boundary. Moreover, the restriction of <j) to dy identifies 
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dy with Lx = dU. This shows that Lx is the plumbed manifold M(Lx) associated 
with the graph T(X) (for details, see [31]), i.e. T(X) determines completely the 
3-manifold Lx- The converse is also true: W. Neumann in [31] proved that the 
topology of the (minimal) resolution of the singularity (X, x) is determined by the 
oriented homeomorphism type of the link Lx ■ 

2.13. — The homology of Lx- Consider the intersection matrix A given by 
A v , w = E v ■ E w . This defines a bilinear form (Z# w )® 2 — ► Z, or equivalently a 
Z-linear map A : Z# w -> (Z# w )* (where for a Z-module M, M* denotes its 
dual Homz(M,Z)). Since A is non-degenerate, coker A is a torsion group with 
coker A\ = \ detA\. Then the following holds: 

2.14. Proposition. [35,15,25] Hi (Lx , Z) w coker A © I? 9+Cr . 

In particular, Lx is an integer (rcsp. rational) homology sphere if and only if 
g = cr = and det A = ±1 (resp. g = cp = 0; i.e. T is a tree with g w = for all 
to). 

2.15. — The links of germs / : (X,x) — ► (C, 0). By similar arguments (and 
notations) as above, for sufficiently small e the intersection S £ n / _1 (0) C 5 £ (~l 
X = defines a 1-dimensional compact (in general non-connected) orientable 
submanifold Lf of Lx, called the link of /. The link-components (^connected 
components of Lf) are indexed by A in T(X,f). Similarly as above, one can 
recover the link L/C Lx from the graph T(X, f) by a plumbing construction. 

2.16. — The homology group H\(Lx\Lf, Z). Let Z v be the free abelian group 
generated by {[v]}„ e y (recall V = W]J^4). Define the group Hr as the quotient of 
Z v factorized by the subgroup generated by: 

e w [w] + ^2 I w ] ( for a11 w e W )- 

vEV w 

Let i be the composed map 7L A Z v — ► /fp. Then one has the following exact 
sequence: 

2.17. -> Z A A H r coker A -> 0. 

2.18. Proposition. ([35, 15, 31]) T/iere is a natural exact sequence: 

0^H r i/fi(ix\i/,Z) ^H X (E,%) -f 0. 

Geometrically, the map j can be described as follows. Identify Lx with and 
L/ with the intersection 1^5^ f~l Lx of Lx with the strict transform S. For each 
f G V, define M v C Lx \ L/ as a naturally oriented circle in the transversal slice 
of the corresponding irreducible divisor of D = (U W E W ) U (U a S a ). Equivalently, for 
w G W we can take M w as a generic fiber of T w — > B^, and for a £ i, M a is a 
topological standard meridian (see e.g. [10]) of S a flLx C Lx- Then j([t>]) = [M v ] 
for any »eV. 

If S is the strict transform, then the strong deformation retract r : y — > L can 
be chosen such that it preserves 5 1 , hence induces a map r 1 : y \ D — > L \ 5 . Then 
g is the composed map: 
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H 1 (L X \L J ,Z) %* H\(y \ D, Z) H\(E \S,Z) —* Hi(E,Z). 

2.19. - The Milnor fibration. Fix a map / : (X,x) -> (C,0). Then arg = 
//|/| : L x \ L f -> S 1 is a C°° fibration ([24, 23]). This induces iri(arg) : ir^Lx \ 
Lf) — > Z at the fundamental group level, and arg* : H\(Lx \Lf,Z) — ► Z at 
homology level. Obviously, if ab : m — > 7ri/[7ri, 7Ti] = i?i is the abelianization map, 
then tti (arg) — ab o arg* . 

The connection with the exact sequence (2.18) is the following. Let m : Z v — > Z 
be defined by m([w]) = m„ (where m v is the multiplicity of / along E w as in 2.2). 
Then by (2.3), this induces a well-defined map m : — >• Z. Then arg* o j = m 
(cf. [10]): 

- H T ± Hi(Lx \L f ,Z) ^ #i(£7,Z) - 0. 




Z 



In particular, arg* contains all the information about the multiplicities, but as 
we will see later, from the multiplicities we cannot recover the representation arg* 
(cf. Examples 2.22-2.26). On the other hand, in the study of cyclic coverings of 
(X,x) branched along / _1 (0), the representation arg* plays a crucial role. In 2.27, 
the additional information about arg* which is not contained in T(X, /) will be 
codified in a Z -covering graph of T(X, /). Moreover, one can verify the following: 

2.20. Proposition. The fibration arg : Lx \ Lf —> S is completely determined 
(up to isotopy) by the induced representation arg* : H±(Lx\Lf,Z) — > Z. Moreover, 
if Zd := coker(p* : H\(Lx \Lf,Z) — ► Z), then the (Milnor) fiber of arg has d 
connected components which are cyclically permuted by the monodromy. 

In general, one has the following divisibility conditions: d \ g.c.d.{m v : v G 
V} \g.c.d.{m a : a G A}, but it is possible that d ^ g.c.d.{m v : v G V}. This means 
that d cannot be determined from m. 

Since m, in general, does not determine the representation arg* (cf. 2.19), the 
graph T(X, f) alone does not determine the Milnor fibration associated with /. 

2.21. The particular case when Lx is a rational homology sphere. 

Set / : (X, x) — ► (C, 0) as above, and assume that Lx is a rational homology 
sphere. This is equivalent to the vanishing of H\(E,Z). Then by (2.18 - 2.19), 
TTi(arg) : tti(Lx \ Lf) — > Z is completely determined by m : — ► Z, and m is 
determined by {m } oC ^ via (2.3). Hence, the set {m. a } a6 ^ determines completely 
the Milnor fibration up to an isotopy. Moreover, if d = g.c.d.{m v : v G V}, then 
the fiber has d connected components, and they are cyclically permuted by the 
monodromy. 

The next examples show that these properties are not true if Lx is not a ra- 
tional homology sphere, i.e. even with the same multilink, different representations 
H\(Lx \ Lf, Z) — > Z do occur. 
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2.22. Example. Set (X,x) = {{x 2 + y 7 - z 14 = 0},0) C (C 3 ,0) and take 
h(x, y, z) = z 2 and f 2 (x, y, z) = z 2 - y. Then T(X, h) = T(X, f 2 ) is : 

[3] 



-1 




Since coker (m) = Z 2 , in both cases coker {arg. t ) is a factor group of Z 2 (cf. 
2.19). We will show that in the first case coker (arg*) = Z 2 and in the second case 
arg* is onto. Indeed, the Milnor fibration of z 2 is the pullback by z t— > z 2 of the Mil- 
nor fibration of z, hence coker (arg„) = Z 2 . In order to prove the second statement, 
it is enough to verify that the double covering {x 2 + y 7 — z 14 = w 2 +y — z 2 = 0} C C 4 
is irreducible (notice that our equations are quasi-homogeneous, so we can replace 
a small ball centered at the origin with the whole affine space). But this is true if its 
intersection with y = 1, i.e. C := {x 2 = z 14 — 1; w 2 = z 2 — 1} C C 3 , is irreducible. 
The covering C — > C ((x, w, z) ^ z) is a Z 2 x Z 2 covering. The monodromy around 
±1 is ( — 1,-1), and around any a with a 14 = 1 and a 2 ^ 1 is (— 1,+1) (here 
Z 2 = {+1,-1}). Hence the global monodromy group is the whole group Z 2 x Z 2 . 
In particular C is irreducible. 

Notice also that the multiplicities of / 2 are all even numbers, but there is no 
germ g : (X,x) — > (C, 0) with / 2 = g 2 . (Actually, there is no homotopy between / 2 
and g 2 for any g.) 

2.23. Example. Set (X,x) = {{z 2 + y(x 12 - y ls ) = 0},0) and f x = x 2 and 
h =x 2 - y\ Then T(X, h) = T(X, f 2 ) is the graph: 

[3] 

-1 -2 -2 
(2) , . . . 

(6) (4) (2) 

By a similar argument as in (2.22) one has that arg*(fi) has cokernel Z 2 , and 
arg*(f 2 ) is onto. 

2.24. Example. Set (X,x) = ({z 2 + {x 2 - y 3 )(x 3 - y 2 ) = 0},0), /i = x 2 and 
f 2 = x 2 - y 3 . Then T(X, /i) = T(X, f 2 ) is the following graph: 



(2) 




Then again: arg*(/i) has cokernel Z 2 , and arg*(f 2 ) is onto. 

Notice that in the above examples, (X, x) — {{z 2 + h(x,y) — 0},0), and f 2 
divides h but it is not equal to h. For all such cases the monodromy argument 
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given in (2.22) is valid. (So the interested reader can construct many-many similar 
examples, with even more additional properties.) But all these examples define 
non-isolated singularities. In order to construct examples of germs which define 
isolated singularities, we will use the well-known construction of series of singu- 
larities. Namely, assume that f\ and fi have the same graph but have different 
representations arg*, and their zero sets have non-isolated singularities (e.g. they 
are constructed by the above method). Next, we find a germ g such that the zero 
set of fi and g have no common components (for i = 1,2). Then, for a sufficiently 
large k the germs /i + g k and / 2 + g k define isolated singularities whose embedded 
resolution graphs are identical, but the representations arg* are different. 

2.25. Example. Set (X,x) = ({x 2 + y 7 - z 14 = 0},0) C (C 3 ,0) and take 
fi{x, y, z) — z 2 and f2{x, y,z) = z 2 — y as in (2.22). Let P be the intersection point 
of the strict transform S a of {fi = 0} with the exceptional divisor E. Then, in some 
local coordinate system (u, v) of P, {u = 0} represents E (in a neighborhood of P), 
{v = 0} represents S a , and fi = u 2 v 2 . Consider g = y. Since y in the neighborhood 
of P can be represented as y = u 2 (modulo a local invcrtible germ), /, + g k near P 
has the form u 2 v 2 + u 2k . For example, if k = 2, then one needs one more blowing 
up in order to resolve fi + g k - 

Therefore, T(X, z 2 + y k ) = T(X, z 2 - y + y k ) for any k > 2; and for k = 2, the 
graphs have the following form: 

[3] / m 

-2 -y 

(5) 5k 

Mi) 

Notice that now m is onto, hence for both i = 1, 2, arg*(fi) is onto. Neverthe- 
less, arg*(fi) =/= a^5*(/2) because their restrictions to a subgroup of Hi(Lx \ Ef) 
are different. 

Indeed, let y' be a tubular neighborhood of the irreducible exceptional divisor 
E of genus 3. This curve E can be contracted by Grauert theorem [11]. Then E 
contracted in y' gives birth to a singularity (X' , x) with the same resolution graph 
as the surface singularity in (2.22). Moreover, the germs fi (i = 1, 2) induce germs 
/■ : (X',x) — > (C, 0), such that they have the same embedded resolution graphs as 
the germs in (2.22). In particular, coker (arg*{f[)) = Z 2 and arg : „{f! 2 ) is onto. But 
ar 9*{fi) is the composed map 

Hi (y \d,z) —> H^y \ d, z) ar H /0 z, 

hence arg*(fi) ^ arg Sf (f 2 ). 

2.26. Example. Set (X,x) = ({z 2 + (x 2 -y 3 )(x 3 -y 2 ) = 0},0) and f x = x 2 +y k 
and fi = x 2 — y 3 + y k , where k > 4. Then by similar argument as before, T(X, fx) — 
T(X, f 2 ). This graph for k = 4 is: 



20 



ANDRAS NEMETHI 



(1) 




(2) 



-4 



(1) 



-4 



Let Ei (i = 1, 2, 3) be the irreducible exceptional divisors with self intersection 
numbers —2, —4, —4 respectively, and 3^" be the union of small tubular neighbor- 
hoods of them. Then collapsing the curve Uj-Bj in y' creates a singularity (X', x) 
with the same graph as in (2.24). Repeating the arguments of (2.25) (but using 
(2.24) instead of (2.22)) one has arg*{fi) ^ arg»(/ 2 )- 

The universal cyclic covering of T(X, /). 

2.27. - The covering p : G(X,f) — ► F(X,f). As we already noticed, the 
embedded resolution graph T(X, /) does not codify all the information about arg*. 
On the other hand, this information is needed in the study of cyclic coverings of 
(X, x). In this section, we define a cyclic covering of T(X, /) (cf. Section 1) which 
will control the behavior of the resolution graphs of all the cyclic coverings {X/^jjv 
(cf. 2.7). The graph G(X,f) was already considered in the literature by Ph. Du 
Bois and F. Michel from a completely different point of view, see [8]. 

Let (X, x) be a normal surface singularity and / : (X, x) — > (C, 0) the germ 
of an analytic function. Fix an embedded resolution : (y,D) — > (X, / _1 (0)) of 
(/ _1 (0),a;) C (X, a;) (as in 2.1) with embedded resolution graph T(X,f). 

Let T{E W ) (w G W) be a small tubular neighborhood of the irreducible divisor 
E w . By our assumption that any two irreducible exceptional divisor has at most one 
intersection point (see the first subsection of this chapter), for any e = (v,w) G £, 
the intersection T(E W ) n T(E V ) ((v,w) G W x W) is homeomorphic to a multidisc 
DxD. This will be denoted by T e . If T(S a ) (a G -4) is a small tubular neighborhood 
of the irreducible component S a of the strict transform S (cf. 2.1), and a is adjacent 
to w„ G W, then corresponding to the edge e = (a,w a ) we introduce the multidisc 
T e = T(S a )nT(E Wa ). Set T = (U W T(E W )) U (U„T(S„)). 

Now, consider the smooth nearby fiber / _1 (<5) C X lifted via (p. For sufficiently 
small (5 > 0, the fiber F := (/ o ^(S) C ^ is in T. Set F w = F n T(E W ) for any 
to G W, F a = F n T(S* a ) for any a £ A, and F e = F fl T e for any e G £. 

It is not very difficult to construct a geometric monodromy h g : F — > f of the 
fibration / _1 (5 i j) — ► 5] (where 5] = {z G C : \z\ — 6} and S is sufficiently small) 
which preserves the subspaces {F v } v& y and {F e } e£ £. Then the connected compo- 
nents of F v (resp. of F e ) are cyclically permuted by the geometric monodromy. Let 
n v (resp. n e ) be the number of connected components of F v (resp. F e ). Then, for 
any e = (vi, V2), n e — d e ■ [n Vl , n V2 ] for some d e > 1. 

Now, we are able to construct the covering p : G(X, /) — > r(X, /) associated 
with the resolution 4>. Above a vertex v G V(r(X, /)) there are exactly n v vertices 
of G(X,f), they correspond to the connected components of F v . The Z-action is 
induced by the monodromy (by the identification lz = (h g )*). If v is an arrowhead 
in r then by convention, all the vertices in G above v are arrowheads (cf. 1.25 (1)). 
Above an edge e of T, there are n e edges of G. They corresponds to the connected 
components of F e . The Z-action is again generated by the monodromy. 
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Fix an edge e of G (above the edge e of T) which corresponds to the connected 
component i*g of F e . Similarly, take a vertex v of G (above the vertex v of T) which 
corresponds to the connected component F v of F v . Then e has as an endpoint the 
vertex v (in G) if and only if Fg C F v . In particular, with the same notations as 
above, v\ and u 2 are connected in G by (at least) one edge if and only if F Vl n 
F V2 ^ 0. Set e = {vi,v 2 ). If F il n F 52 ^ 0, then F 5l n Fy 2 has exactly d e = 
[n Vl ,n V2 ]/n e connected components, hence v\ and v 2 are connected exactly by d e 
edges. Therefore, above the segments of T we have exactly the "standard blocks" 
of (1.5) in G. 

In the sequel, we will use the notation (n, d) = {{n v } ve v,{d e } ee £}, where 
n e = d e [n Vl ,n V2 ] for any edge e = (v 1 ,v 2 ). 

The next lemma establishes the number of connected components of G(X, /). 

2.28. Lemma. The number of connected components of the graph G(X, f) is 
equal to the number of connected components of the Milnor fiber F of the germ f. 
Proof. Let \G\ be the topological realization of the graph G considered as a 1- 
dimcnsional simplicial complex. Then it is not difficult to construct a continuous 
map a : F — > \G\ which maps F v to the zero-cell (vertex) v, maps Fg to the one- 
cell (edge) e, and for any P <E \G\, the space a~ 1 (P) is connected. (Notice that 
Fg « S 1 x e, then a restricted to Fg can be identified with the second projection 
S 1 x e — > e.) Hence 7r (a) : n (F) — > 7To(|G|) is an isomorphism. ^> 

Now, it is well-known, that the fibrations / : f^ 1 (Sg) — > 5j and ary = //|/| : 
Lx \ Lf ^ S 1 are equivalent. Hence by the long homotopy exact sequence: 

tti(L x \ L/) ^(.S 1 ) = Z -> 7r (F) -> 

(where -K\{arg) = ab o arg*, cf. 2.19) we obtain that |7r (-F)| = coker (arg*)|. 
Therefore: 

2.29. Corollary. G(X,f) has coker (arg*(f))\ connected components. In par- 
ticular, if f defines an isolated singularity, then G(X, f) is a connected graph. (But 
G(X, f) may be connected even for germs f with g.c.d.{m v : v e V} ^ 1.) 

Before we state the second part of this corollary, we make the following discussion. 

Fix a connected subgraph T' of T(X, f) with non-arrowhead vertices W. Since 
the intersection form associated with the exceptional divisors E' := D we w/E w is 
negative definite, by Grauert theorem [11] E' C y can be contracted to a singular 
point. Let (X',x') be this singular point. Moreover, since / o <f> is zero along E', it 
gives rise to a germ /' defined on (X',x'). It is obvious, that V is the embedded 
resolution graph of a singularity ((/') _1 (0), x') C (X',x'). Let the corresponding 
representation be denoted by arg t ,(f). 

2.30. Corollary. Consider the universal cyclic covering p : G(X, f) — > T(X, /) 
associated with f and the resolution <f>. Fix a connected subgraph V of T(X, /). 
Then p _1 (r') has \coker(arg*(f'))\ connected components. 

2.31. The case when Lx is a rational homology sphere. If Lx is a 

rational homology sphere, then the Milnor fibration is completely determined by 
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m (cf. 2.21). Hence, G(X, f) contains the same amount of information as T(X, /), 
and it can always be recovered from T(X, /). 

2.32. Lemma. Assume that Lx is a rational homology sphere. Then n v := 
g.c.d.{m w : w G V v U {v}} for any v G V(T); and n e '■= g.c.d.(m Vl ,m V2 ) for 
any e = {v\,V2) G (In particular, for a G A(T) one has n a = n e , where 
e = (a,w a ) G £(T).) Moreover, the number of connected components of G(X,f) is 
exactly g.c.d.{m v : v G V(T)}. 

Proof. If T v is a tubular neighborhood of E v as in (2.27), then coker (tt\ (T v \ 
_1 (/ _1 (O))) — > Z) is Z/{m w : w G V„ U {v}}Z, hence the statement about n v fol- 
lows (by 2.30). Similarly, for e = (v, w), the cokernel of 7ri(T t ,nT, 1 ,\0- 1 (/- 1 (O))) -> 
Z) isZ/(m v Z+m w Z). The number of connected components of G is |coker (arg*)| = 
|coker(m : H T -> Z)|. 

Notice also that in this case Q(T(X,f), (n, d)) contains only one element (be- 
cause r is a tree, cf. 1.19). This class is represented by G(X, f). 

For example, if (X, x) is smooth, then Lx = S 3 , hence for any plane curve 
singularity, the universal cyclic covering G(X, f) — > T(X, f) can completely be 
determined from the embedded resolution graph T(X, f) of /. 

2.33. Corollary. Consider an arbitrary germ f : (X,x) — > (C, 0) (i.e. without 
any restriction about Lx ), and consider the universal cyclic covering p : G(X, /) — > 
T(X,f). Then for any w G W(T) with g w — ? p (wj) consists of exactly n w — 
g.c.d.{m v : v G V w U {w}} vertices of G. Similarly, for any a G A(T), #p _1 (a) = 
n a = g.c.d.(m a ,m Wa ), where (a,w a ) G £(T). Moreover, the number of edges n e 
above e = (vi, V2) is g.c.d.(m Vl , m V2 ). 

For w G W(r) with g w > the following divisibility holds: n w \ g.c.d.{m v : v G 
V w U{w}}. 

Proof. Notice that if an irreducible rational exceptional divisor is contracted to a 
singular point then the link of this singular point is a rational homology sphere. 
Then use (2.29-2.32). 

2.34. — The case when T(X, /) is a tree. Recall that if T(X, f) is a tree, then 
for any system of integers (n, d), by (1.19) the class Q(T(X, f), (n, d)) = 0, hence all 
the coverings are equivalent. One the other hand, if Lx is not rational homology 
sphere, even if T(X,f) is a tree, the covering data {n x } xe v U £ of the universal 
covering G — > T (more precisely, the integers n w with g w > 0) are not determined by 
T(X, f) (see the next examples). Hence already in this case, the covering G(X, f) — > 
T(X,f) contains some additional information about the representation arg*. 

2.35. Example. Set (X,x) = ({x 2 + y 7 - z 14 = 0},0) C (C 3 ,0) and take 
fi(x, y, z) = z 2 and fi{x, y, z) = z 2 — y (cf. 2.22). Then the coveringsp : G(X, /j) — > 
T(X,fi) (fori = 1,2) are: 
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p 




P 




[3] 




[3] 




— (2) 




(2) 


(2) 


(i = 


= 1) 


(i = 


= 2) 



(2) 



In order to count the number of vertices above the irreducible divisor E (with 
g = 3), we have to consider the representations arg*(fi) (cf. 2.29). In the first case, 
the cokernel of this representation is Z 2 , in the second case it is trivial. Hence, 
above E, in the first case one has two vertices, and in the second case only one. 

Notice, that the number of connected components (and even the Euler-character- 
istic) of the graphs G{X 1 f i ) arc different. 

2.36. Example. Set (X,x) = ({x 2 + y 7 - z 14 = 0},0) C (C 3 ,0) and take 
fi(x,y,z) = z 2 + y 2 and f%(x,y,z) = z 2 — y + y 2 (cf. 2.25). By a similar ar- 
gument as above, the coverings p : G(X, /») — > F(X, fa) (for i = 1,2) are: 




In this case the number of independent cycles of the graphs G(X, fi) is different. 

2.37. If all the irreducible exceptional divisors of <j> are rational (i.e. g w = for 
all w), then the type (n, d) of the covering is completely determined by T(X,f) 
(cf. 2.33). But if T(X, f) is not a tree, then G(T(X, /), (n, d)) can be non-trivial. 
Hence again, G(X,f) carries some additional information about arg*. 
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2.38. Example. Set (X, x) = {{z 2 + (x 2 - y 3 )(x 3 - y 2 ) = 0}, 0) and h = x 2 +y 4 
and f 2 = x 2 -y 3 + y 4 (cf. 2.26). Then the coverings p : G{X, /;) -> T(X, f l ) (for 
2 = 1,2) are: 




The number of independent cycles cq for both graphs G(X, /j) are the same 
(= 2). This is a general fact: for a connected graph G one has: 1 — cq = #V(G) — 
#£(G), but #V(G{X,fi)) and #£(G{X, /;)) are determined by T (provided that 
g w = for any w). 



3. The resolution graph of cyclic coverings 

The monodromy representation of cyclic coverings. 

3.1. Let (X, x) be a normal surface singularity and / : (X, x) — ► (C, 0) the 
germ of an analytic function. For any integer N > 1, take b : (C, 0) — ► (C, 0) given 
by z i — ► z N , and let ^/,jv be the normalization of the fiber product {(x',z) G 
(IxC,ix0): f(x') = z N } (cf. 2.7). The second projection (x', z) G X x C — > 
z G C induces an analytic map Xf t N — > C, still denoted by z. The first projection 
(x',z) i — ► x' gives rise to a ramified cyclic iV-covering pr : Xf t N — ► X, branched 
along / _1 (0). If /~ 1 (0) has an isolated singular point at x, then there is only one 
(singular) point of Xf t N lying above x G X. But in general pr^ 1 (x) contains more 
than one point (cf. 2.6). 

We regard Z N as the group of AT th -roots of unity {£ k = e 2vik / N ; < k < N-l}, 
then (x', z) i — > (x',£kz) induces a Zjy -Galois action of Xf t N over X. 

If P G X\f~ 1 (0) is a point in the complement of the branch locus, then pr^ 1 (P) 
consists of N points and they are cyclically permuted by the Galois action of Zjv- 
The monodromy representation of the regular covering pr\x f N \{z=o} : ^f,N \{z — 
0} X \ {/ = 0} is denoted by ip N : tti(X \ {/ = 0})' Zjv. Notice that 
X \ {/ = 0} is connected, and is abelian, hence the monodromy representation 
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does not depend on the choice of the basepoint. So, we will omit the basepoint of 
the fundamental group. 

By the local cone structure of (X, {/ = 0}), we can replace the group iri(X \ 
{/ = 0}) by tti(Lx \Lf). The following property of the cyclic coverings is well- 
known: 

3.2. Lemma. Let 7Ti (arg) : ni(Lx\Lf) — > 7Ti(5 1 ) = Z be the morphism induced 
by the Milnor fibration of f (at the fundamental group level) (cf. 2.19); and let 
Tftodjsj : Z — > Zjv be the natural projection 1 i — > 1. Then ip^ = mod^ ° ■K\{arg). 

Since Zjv is abelian, ippf — rjy ° ab for some rjy : LL\(Lx \ — > (where 

afe : 7Ti — > 7Ti/[7ri, 7Ti] = f/i is the abelianization map). Hence, rjy = modjy o arg*, 
where arg* : H\{Lx \ Lf,Z) Z is induced by the Milnor fibration arg = f/\f\. 
This implies the following: 

3.3. Lemma. If the Milnor fiber F of f has k connected components, then Xf t N 
has (k, N) connected components. 

Proof. By the long homotopy exact sequence of the Milnor fibration k — |coker arg* | , 
hence the range of arg* is kZ C Z. But mod^{kl2) = kZjy has index (k, N) in Zjv, 
hence coker r^r = coker ip^ w Z^^y Again, by the long homotopy exact sequence 
of the regular covering pr over X \ {/ = 0}, the integer | coker ippj\ is the number 
of connected components of Xf^ \ {z = 0}. But this is exactly the number of 
connected (or irreducible) components of Xf y jy ■ 

The number (TV, k) is exactly the number of points of Xf^ lying above x £ X (i.e. 
ffpr^ 1 (x)). In the sequel, we will use the germ-notation (-X/,jv , £(jv,fc)})j 
which means that Xf^ consists of (N,k) disjoint space germs (^/,jv , Xi)\=f\ 
Obviously, they are all isomorphic with each other - an isomorphism is given by 
the Galois action (which permutes the points {xi}\=[ k ^). 

3.4. Remark. The number of (singular) points of Xf t w lying above x <E X 
cannot be determined from the embedded resolution graph of / and the integer TV. 

Indeed, consider the situation described in (2.22) and (2.35). Then ^pr^ 1 (x) = 
2 in the first case, and #pr _1 (x) = 1 in the second case. 

The above remark already suggests (and we will see a lot of other examples 
later) that the resolution graph of -X'/.jv cannot be reconstructed from the graph 
T(X, f) and N. In fact, this was the very reason why we constructed the universal 
cyclic covering G(X,f) — > T(X, f ). For example, related to the above discussion: 
the number of connected components of G(X,f) is exactly k (cf. 2.28), hence 
(k,N) = #pr -1 (x) is determined by G(X,f) and the integer N. 

3.5. Definitions. 

a. ) The resolution graph T(Xf t N ), by definition, is the union of the resolution 
graphs of (X ftN , x^P ■ 

b. ) The embedded resolution graph T(Xf t N , z) of z : (-X/,jv , ■■■,%(k,N)}) ~^ 
(C, 0) is the union of the embedded resolution graphs of z : (Xf jy , Xi) — > (C, 0) (1 < 
i<(k,N)). 

In both cases T has (fc, N) identical connected components. 
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The embedded resolution graph of F(Xf i N, z). 

3.6. — The main construction. Let p : G(X, f) — > T(X, /) be the universal 
cyclic covering of the embedded resolution graph T(X, f) associated with the germ 
/ : (X, x) -> (C, 0) (cf. 2.27). For brevity we will use V = T(X, /) and G = G(X, /) 
throughout this subsection. The covering G is an element of Q(T, (n, d)), where 
n v = #P~ 1 ( W ) C V(G) for any vertex v € V(r), and n e = d e [n Vl ,n V2 ] = #p _1 (e) C 
£{G) for any e € £(r). Recall that the graph T has the following decorations: 
multiplicities {m v } ve y^, genera [5uj]u>ew(r) (and self intersection numbers, which 
are less important in this construction). By our convention: A(G) = p~ 1 (A(T)). 
Now, for any fixed integer N > 1, we construct a new graph in four steps. 

Step 1. The graph G has a Z-action. The "orbit graph" of the subgroup NZ c Z 
is denoted by modN{G) (for details, see 1.24). 

The new covering modN{p) ■ toog?at(G) — > T is an element of Q(T, ((N, n), d')), 
where (iV,n) = {g.c.d.(N, n„)}„ e v(r)) and <f e = (d e ,N/(N, [n Vl ,n V2 ])) for any edge 
e = («i,U2) G f(r) (i.e. #mod N {p)~ 1 {e) = g.c.d.{N,^p^ 1 (e)) for any e). 

Step 2. We put decorations (multiplicities and genera) on morfjv(G) as follows. 

(a) The multiplicity (mj) of any vertex v £ V{modN{G)), which lies above 
v e V(r) is m v /(m v ,N); 

(b) The genus [5,5] of any vertex w G W^modjvXG)), which lies above u> £ W(r) 
with genus g w , is given by: 



where S w = #V W (T). 

Step 3. Any edge e of modN(G), with endpoints ui and v~2, lying above e with 
endpoints V\ and «2 S £(r), will be replaced by a string Str(e) as follows (cf. 2.11 
and 1.25 (3)). 

If t e = g.c.d.(m Vl ,m V2 ,N), then set N' = n/t e and m' v . = m v Jt e for i = 1,2. 
Consider the unique < A < N' /(m' Vl , N') and mi e N with: 



2 - 2.^ = 



(2 - 2 St0 - 5, 



W 



) ■ (m w , N) + Et,ev„(r) g-cd.(m v ,m w , N) 



(N, n w ) 




= mi ■ 



{m' m ,N'Y 



N' 



If A = 0, then the edge e remains unchanged. 
If A 7^ 0, then take the continuous fraction: 



N' 



1 



A 



i 



h\ , . . . , k s ^ 2. 



i 



fc. 



'5 



If both «i and t>2 are non-arrowhead vertices, then Str(e) denotes the following 
decorated string: 
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foil [0] [0] [0] [gz 2 ] 

—ki —k 2 —k s 
Str{e) : • • • ■ ■ ■ • • 

(m Cl ) (mi) (m 2 ) (m s ) KJ 

with genera [55J, [0], . . . , [0], [£te 2 ], self intersection numbers —ki,... ,—k s , and 
multiplicities m^, mi, ... , m s , jnj 2 . 

The multiplicities m^ and were already determined in step 2, namely 
m^ = m Vi /(m Vi , N); and mi is the number given by the above congruence. More- 
over, the multiplicities 7712, . . . , m s can easily be determined using (2.3 (2)), namely 

m 2 = fcimi — m Cl ; and m i+ i = fcjm, — mj_i for i > 2. 

Then each edge e: 

[<?5i] fo 2 ] 

(m Cl ) K) 

of i7iocIn(G), lying above e, is replaced by the string Str(e). 
Moreover, if v 2 £ A(T), then the edge e: 

• K) 

(m Cl ) 

of modfq(G), lying above e, is replaced by the "modified" string Str(e) (which has 
the same decorations as the "original Str(e) n ): 



[gvA [o] [o] [o] 

-fel -fc 2 -fcg 

• • • ••• • (m C2 ) 

(m Cl ) (mi) (m 2 ) (m s ) 

The new graph resulting from inserting all the necessary strings into modN(G) is 
denoted by mod n (G) (Str) . 

Step 4. The decoration of modN{G) (Str) is not complete. All the vertices have 
multiplicities, all the non-arrowhead vertices have genera, but some of the self inter- 
section numbers are missing (corresponding exactly to the vertices v of mod/v (£?)). 
Now, we add these numbers using the relation (2.3 (2)) applied for modjv(G) (Str) 
(namely, for any w £ W, the relation e w m w + J2 veVw m v — provides e w ). 

3.7. Theorem. Ifcj) : (y, D) — > (X, x) is an embedded resolution o/(/ _1 (0), x) C 
(X, x), and p : G(X,f) — > V(X, /) the universal covering graph associated with (f>. 
Then the graphs Y(Xf^,z) and F(Xf^) can be determined from p : G(X,f) — > 
T(X, f) and from the integer N. Namely: 
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a) The decorated graph modM{G) (Str) constructed in (3.6) is (a possible) em- 
bedded resolution graph T(Xf t N, z). 

b) If we delete all the arrows and multiplicities of moc£jv(G) (Str), then we 
obtain a resolution graph T{Xj,n) of X/,n- 

3.8. Example. Set (X, x) = ({x 2 +y 7 - z u = 0}, 0) C (C 3 , 0). Take /i(x, y, z) = 
z 2 + y 2 & ndf 2 (x,y,z) = z 2 -y + y 2 (cf. 2.25 and 2.36). Then T(X, ft) = T(X, / 2 ), 
but in general, the graphs T(X j u m , z) (i = 1,2) arc not the same. For example, 
these graphs for N — 2 are: 



[3] 




(i - 1) (i = 2) 

For any odd N the orbit graphs modN(G), for i = 1,2, are the same. Hence in this 
case r(Xf lt jf, z) = T(Xf 2t N, z). For N = 3 this graph is: 
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3.9. Example. Set (X,x) = ({z 2 + (x 2 - y 3 )(.x 3 - y 2 ) = 0},0) and f 1 = x 2 +y 4 
and f 2 = x 2 - y 3 + y A (cf. 2.26 and 2.38). The graphs T(X fitN , z) for N = 2 are: 




The decorations are the following. The arrows have multiplicity (1), m a = 
4, nib = 3, and the multiplicities of the unmarked nodes are m = 1; e a = e& = —2, 
and the self intersection of the unmarked nodes are e = —4. All the genera are 
zero. 

3.10. Remark. The construction (3.6) gives non-minimal resolution graphs, in 
general. They can be simplified by blowing-down the (— l)-rational exceptional 
divisors E w with 5 W < 2. 

3.11. Remark. Using the formula of (Step 2.), it is easy to prove that > g w . 
Moreover, c modjv ( G ) > c r (cf. also with (1.23) and (3.21)). Therefore: 

rank Hi(Lx fiN ) > rank Hi(Lx)- 
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3.12. Modification of (3.6) for the case when Lx is a rational homol- 
ogy sphere. If Lx is a rational homology sphere, then the above algorithm can 
be simplified. In this case the universal covering G(X, /) — ► T(X, /) can com- 
pletely be reconstructed from T(X, /) (see 2.31-2.32). This means that the graph 
T(Xf,N , z) is completely determined by the embedded resolution graph T(X, /) of 
/ and the integer N, and the reader can easily reconstruct this new algorithm. 

In particular, if (X,x) = (C 2 ,0), and / : (C 2 ,0) — ► (C, 0) is an arbitrary 
isolated plane curve sing ularity, then (X f . N ,0) = {{f(x,y) = z N },0) C (C 3 ,0), 
and z : {Xf x , 0) — > (C, 0) is induced by the projection (x, y, z) i — > z. Therefore, 
our algorithm also provides the resolution graph of (Y, 0) = ({g — 0}, 0), where g = 
f(x, y) + z N . For the algorithm in this case see [28]. The idea of the construction 
in the case of / + z N can already be found in the book of Laufer [19]. For other 
particular cases, see [4, 33, 34]. 

The general algorithm can be compared with some results of Eriko Hironaka, 
who considers the global case of cyclic coverings. 

3.13. Proof of the Theorem (3.7). Consider the "Jungian diagram" (cf. 2.9): 

n <j)' 

X res _ _ x , {Xf,N,x) 




(y,D) (x,x) 



where: 

a) the proper map n : (Xf t N,x) — > (X, x) is induced by the projection (x', z) ^ 
x', and it is an iV-covering with branch locus / _1 (0) (cf. 3.1). 

b) (f> is a fixed embedded resolution of (/ _1 (0),a;) C (X, x), and D is the divisor 
^(/^(O))- The dual graph of D is exactly V{X, f). 

c) tt' : X' — > y is the pullback of 7r via <fi, and X' is the normalization of X' . 
Then X' has only Hirzcbruch-Jung singularities (cf. 2.8 and 2.9). 

d) X res — > X' is the resolution of the Hirzebruch-Jung singularities of X' . 

If P is a generic point of the irreducible exceptional divisor E w C E = 4>~ l {x) 
(w E W(T(X, /))), then we fix local coordinates (u, v) in a neighbourhood U of 
P such that {u = 0} = E w n U, and / o <p\u = u m ™. Let P' be the unique 
point in X' above P and consider its neighbourhood U' := (7r') _1 (C/). Then U' = 
{(u,v,z) G (U x C,P x 0) : u m ™ = z N }. This shows that n _1 (P') contains 
exactly (N,m w ) points, which correspond to the irreducible components of U'. 
Indeed, U' = U 4 J7/, where XJ[ = {(u,v,z) : u ™ w /(N,m w ) = £ . . z N/(N,m w )^ where 
e,, for i = 0,1,... , (N,m w ) — 1, are the (N, m w ) -roots of unity. Moreover, the 
normalization of any U[ is smooth. For example, for i = 0, a possible normalization 
map of C/q is (C 2 ,0) — > C/q given by (f, u) i— > (u(f), u, z(t)), where 

(*) u(t) =t N K N > m «\ z (t)=t m ™^ N < m ™\ 

Therefore, (tt')^ 1 (E w ) — * is a regular covering of degree (N 7 m w ) above E%, := 
\ D \ E w . The covering V U is a Galois covering with Galois group action 
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of 1*n = {£ : £ N = 1} given by (u, v, z) ^ (u, v, ^z). Notice that £ m ™ preserves the 
components U[, therefore the covering (7r') _1 (£'^,) — > E^ is a Galois covering with 
Galois group Zn/to^Zat = Z(jv, m „)- This regular covering extends to a branched 
covering (tt')~ 1 (E w ) — ► £"„,, with branch locus i?™ \ £7° . The curve (tt')~ 1 (E w ) 
contains exactly the irreducible exceptional divisors of X' lying above E w . Then 
the number i w of these irreducible exceptional components is exactly the number of 
irreducible components of {tt')^ 1 {E% ), and this number coincides with the number 
of connected components of (7r') _1 (i?° ). The representation associated with the 
covering (7r') _1 (_E°) — > E% is denoted by: 

and the number i w of connected components of (7r') _1 (_E^) is |coker (p w )\. 

Now, let T w be a tubular neighborhood of E w in y (cf. 2.27). Then {n')- 1 {T w \ 
D) T W \D is a regular TV-covering. The corresponding representation is denoted 
by: 

r w :^{T W \D) ^Z N . 

This representation is induced by arg„, as it is explained in (3.1-3.2). Hence, the 
following composed map: 

n 1 (T w \D)^n 1 (L x \L f ) a ^Z P ^Z N 

is exactly the map r w (above, j is induced by the natural inclusion). 

Now, notice that T W \D = E^ x S 1 , where S 1 can be represented by an oriented 
circle in a transversal slice of E w in T w . In particular, ni(T w \ D) = ■jti(E^) x Z, 
and arg*((0, lz)) = m w G Z. This shows that r w ((0, lz)) is the class of m w in Zjv. 
The above discussion provides the following commutative diagram: 

tt 1 (T w \D)= i^JxZ Z w 

Since the class of m w in Z(jv,m„,) is zero, one has: jcoker {pr{N,m w ) ° r w)\ = 
|coker (p„,)|. 

Therefore, i w = |coker(p u ,)| is the cardinality of the cokernel of the following 
composed map: 

Pw ■ TTlliw \ L)) > Z ► Aat ► ^(V,m„)- 

Now, consider the covering p : G(X,f) — > r(X, /), and, as usual, let n m be the 
number of connected components of the Milnor fiber _F in T^, (i.e. the number 
of vertices of G above w G W(T)). But this is exactly |coker (arg* o j)|, in other 
words: im(arg* o j) = n w Z. Since ar<7*((0, 1)) = m„, G Z, one has: 
Hence jcoker (p w )\ = (N,n w ). But this is exactly the number of vertices above w 
in mod N (G). 

The above argument can be repeated in the case of the singular points of the 
divisor D. Let P be an intersection point of two irreducible components of D, and 
fix local coordinates (u, v) at P such that the local equation of D at P is {uv = 0}, 
and (j) ° / m a neighborhood of P is u mm v miJ . Set P' — {tt')^ 1 {P). Then the 
local equation of X 1 at P' is { u m "< w m i> — Z N }, which has (N,m w ,m v ) irreducible 
components, hence (7f') _1 (P) contains exactly (N,m w ,m v ) points. Since n e = 
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(m w ,m v ) is the number of edges of G above the edge (v,w) 6 £(r), (N,n e ) = 
(N,m w ,m v ) is the number of edges in modjv(G) above (v,w). Hence it coincides 
with #(7r') _1 (_P). Moreover, the following diagram provides the adjacency relations 
in G: 

*x{T w \D) ar ^ 3 Z - Z„„ -0 

T T= U 

ni(T w r\T v \D) arj ^ 3 Z -» Z„ e -0 

The group Z„ ra (resp. Z„ e ) is the index set of the vertices (resp. edges) of G 
above w (resp. above e = (w, v)). The edge in G indexed by I E Z„ e has as one of 
its endpoints the vertex indexed by a(l). 

Now, in the commutative diagram: 

| a | a 

Zn e — > ^(JV,n e ) 

the left column codifies the adjacency relations in G, while the right column the 
adjacency relations in modjv(G) (in a similar way). Therefore, by the above dis- 
cussion, it is clear that mod m (G) is the dual graph of the exceptional divisors ofX'. 

The space X' has only Hirzebruch Jung singularities. The resolution of these 
singularities does not change the multiplicities of z along the irreducible exceptional 
divisors of X 1 , nor the topology of them. So, already at the level of X 1 we can 
compute these invariants. First notice that the irreducible components above E w 
are cyclically permuted by the Galois action, so their multiplicities and genera 
are the same. The formula (*) (of this proof) shows that at a generic point of 
(tt')^ 1 {E w ), the multiplicity of z is m w /(N,m w ), proving (Step 2, a). 

Above the branch point E v n E w of the covering (ff') - 1 (i?^) — > E w , there are 
(N 7 m W7 m v ) points, therefore, by an Euler-characteristic argument: 

X((ff')" 1 (-B w )) - (2 - 2g w - S W ){N, m w ) + ^ (N, m w ,m v ). 

But this is (N,n w ) ■ (2 - 2g), proving (Step 2,b). 

Now, we have to resolve the Hirzebruch- Jung singularities of X'. The singular 
points {-Pg} of X' arc codified by the edges e of modN(G), and their local equations 
are { u m ™/ t <s u "W*<= = z N / te }, where t e — (N,m w ,m v ), e = (v,w). Therefore, any 
edge e of modN(G) must be replaced by the string of the corresponding Hirzebruch- 
Jung singularity. Hence the last part follows from subsection (2.11). 

Cyclic coverings and monodromy. 

3.14. The main goal of the present section is to compare the covering p : 
G(X, f) — ► T(X, /) with the algebraic monodromy operator associated with the 
Milnor fibration arg : Lx \Lf —> S 1 . 

Start again with a normal surface singularity (X, x) and a germ / : (X, x) — > 
(C, 0) of an analytic function. The characteristic map of the Milnor fibration F — ► 
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L x \ Lf S 1 is called the geometric monodromy h geom : F — > F (where F 
denotes the Milnor fiber). 

At homology level h geom induces the algebraic monodromies h q : H q (F,Z) 
— ► Hi(F,Z) (q = 0, 1). If F has k connected components, then H°(F,Z) w Z k 
and ho{xi, ...,Xk) = {x2, Xk, Xi) (cf. 2.20). In particular, ho is finite. 

The monodromy hi is more complicated - in general it is not finite. But, by 
the Monodromy Theorem (sec, e.g. [6, 18, 21, 1, 2], all the eigenvalues of hi are 
roots of unity, and its Jordan decomposition contains blocks only of size one and 
two. 

In this section, we connect the Jordan decomposition of hi with the number 
of independent cycles in the cyclic coverings with branch locus {/ = 0}. Finally, 
we show that the number of Jordan blocks of hi is completely determined by the 
universal cyclic covering graph G(X, f) — > r(X, /). Some results of this subsection 
can be compared with some results of Ph. Du Bois and F. Michel [8]. 

3.15. — The characteristic polynomial. For q = 0, 1 we define A q (t) — 
det(tl — h q ). Then, for q = 0, A (t) = t k — 1. The characteristic polynomial 
Ai(t) is determined by T(X,f), via A'Campo's formula [1, 2]: 

3.16. A (t)/Ai(i)= Yl {t m ™ _i)2-2fl»-«». 

wew(r) 

It is convenient to use the notation H = H 1 (F,C); and H\ for the generalized 
eigenspace corresponding to the eigenvalue A of hi (i.e. H\ = {x G H\ (hi—XI) n x = 
for some sufficiently large n}.) The dimension dime H\ is exactly the order of 
t- A in Ai(i). 

3.17. — The Jordan blocks of h\. Let #^(/) be the number of Jordan blocks 
of size I of the restriction hi\n x - Obviously, #\(f) + = dimH\ and 
dimkcr(/i 1 -A/) = #i(/) + # 2 A (/). 

First consider A = 1. 

3.18. Proposition, (cf. [29]) Let c r r X ) be the number of independent cycles in 
T(X), and g = J2 weW (r)9w Then: 

a) dimi?! =2g + 2c v{x) + #A(T) - 1; 

b) dimker(/i 1 - 1) = 2g + c T{x) + #^4(r) - 1. 

Therefore, #\{f) = c r(X)- I n particular, #?(/) is independent of the germ f, 
and depends only on the topology of the link L x . 

Proof. The order of t — 1 in Ao/Ai is 1 — dimiJi. Via A'Campo's formula this is 
J2w(2 ~ 2g w — S w ). Now, use J2 W S w = #-4 + 2#£, and the "Euler-characteristic" 
identity 1 — cr(x) = #W — #£, and (a) follows. By the Wang exact sequence 
associated with the Milnor fibration 

H°(F) ^ H°(F) — » H l {L x \ L } ) — ► H\F) ^ H\F) 

one has that coker(/io — /) ~ C, hence dimker(/ii — 1) = dimH 1 (L x \L/) — 1. But 
using (2.17) and (2.18) dim H 1 (L x \L f ) = dim H^E) + #A = 2g + c r + #A. <> 
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As a corollary of (3.18), we obtain that if Lx has no cycles (e.g. (X, x) is 
smooth as in the case of plane curve singularities), then / has no Jordan block of 
size 2 with eigenvalue A = 1. 

Now, assume that / : (A, x) — ► (C, 0) is the smoothing of an isolated singu- 
larity at x. Then ar <?*(/) is onto, hence for any N, Xf^ is connected. Moreover, 
there is natural identification of the Milnor fibers of / and z : (Xf^,x) — > (C, 0) 
such that the monodromy of z is the N th -power of the monodromy of /. Therefore, 
by (3.18) c T{Xj n) =#1(z)= £ # 2 A (/). Thus we have the following: 

A« = l 

3.19. Corollary. If f defines an isolated singularity, then: 

E #a(/) = c r(x /jJV )- 

Since any eigenvalue of hi is a root of unity, hi is of finite order if and only if it 
has no Jordan blocks of size 2. Therefore, the above corollary generalizes a theorem 
of A. Durfce, which says that for plane curve singularities / : (C 2 ,0) — > (C, 0), h 
has finite order if and only if the graphs of the cyclic coverings have no cycles [9] . 

3.20. Remark. In some particular cases c T (x f N ) can be computed from the 
multiplicity system of T(X, f) alone. For example, if Lx is a rational homology 
sphere, then by (2.31): 

!-<*(*,,„) = #W{T{X S , N ))-#£{T{X S , N )) 

£ (M W ,N)- £ (m e ,N) 
wew(r(x,f)) eee„(r(xj)) 

where M w = g.c.d.{{m v } ve y w ,m w } and m e — g.c.d.(m Vl ,m V2 ) with e = (vi,t>2), 
and £ n denotes the set of edges connecting two non-arrowheads. Then by (3.19) 
and by an easy computation using #W — #£„ = 1 one has: 

E #'(/)= E ((m e ,N)-l)- E ((M w ,N)-l) 
\ N =i eee n (T(x,f)) wew{v(xj)) 

This is nothing else than W. Neumann's formula for #\(f) [10, 32]. 

Now, we will show that, in order to determine the numbers # 2 (/), we don't have 
to consider all the cyclic coverings, but only G(X, /), the universal cyclic covering 
graph of T(X, f). First notice that the identity (3.19) is valid even if / _1 (0) has 
non-isolated singularities, but G(X, f) is connected. Then Xf.x is connected for 
any N. 

3.21. Corollary. Assume that the universal covering graph G(X, f) is connected 
(e.g. f defines an isolated singularity). Then: 

E #a(/) = C mod N (G(XJ))- 
\ N = 1 

(b) 

E#a(/) = c G(X,f); 
A 
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i.e. the number of independent cycles of G(X,f) is exactly the total number of 
Jordan blocks of size 2 of the algebraic monodromy hi of f . 
(c) Let be a primitive n th -root of unity. Then: 

' #L = £Mn/*0 ■ Cmod k (G(XJ)) 
k\n 

where (f> is the Euler function and fi is the Mobius function, namely: </>(n) = #{1 < 
k < n : (k,n) = 1}, and fi(k) — 1 for k = 1, fi(k) = (—1)* if k is a product oft 
different primes, and /j(k) = if p 2 \k for some prime p. 

Proof, (a) follows from a similar argument as (3.19) and the main theorem (3.7). 
For (b), take an N which is multiple of all the integers {n v } veV and {n e } ee£ (the 
integers which characterize the type of the universal covering G(X, f) — > T(X, /)), 
and also A^ = 1 for any eigenvalue A of h\. For (c), first notice that does not 
depend on the choice of (because h\ is defined over Z). Then (c) follows from 
the Mobius Inversion Formula (see, e.g. [16], page 107). 

3.22. Example. Set (X,x) as in (2.36) (cf. also (2.25)). Then hi(fi) is finite, 
but h\(f2) has a Jordan block of size 2, with eigenvalue A = — 1. In this case 
T(X,f\) = T(X, f 2 ), but arg*(fi) ^ arg*(f 2 ). This shows a subtle connection 
between the Jordan block structure of h\{f) and the representation arg*(f). 

3.23. Example. Set (X,x) as in (2.38) (or 2.26). Then for both i = 1,2, /ii(/;) 
has a Jordan block of size 2 with eigenvalue A = 1, because T(X,f) has a cycle. 
Since G(X, f) has two independent cycles, there is one more Jordan block of size 2 
and this one has eigenvalue A = — 1. 

3.24. Actually, an even stronger connection can be established between the 
monodromy h\ and the graph G(X,f). Let \G\ be the topological realization of 
G(X,f). The Z-action of G(X,f) induces a "geometric action" hG, ge om on \G\ 
(by the identification \% = ha.geom)- At homological level, this induces a finite 
morphism hfa : H 1 ^) -► H^QGl). 

In the sequel, H*(Y) denotes the cohomology with complex coefficients. We 
invite the reader to review the notations and the results of subsection (2.27). Recall 
that V(r) is the index set of the irreducible components of D — </) _1 (/ _1 (0)). Let 
T v be a small tubular neighborhood of the irreducible component corresponding to 
v e V(r). For any edge e = (vi,v 2 ) of T set T e = T Vl n T V2 . If F = / _1 (^) is 
the Milnor fiber, then for S sufficiently small F C U„T„. Put F v = F C\T V and 
F e = F n T e for any v £ V(r) and e £ £(T). Then by Mayer- Vietoris argument 
one has the following exact sequence: 

- H°(F) -» ® V H°(F V ) -» (B e H°(F e ) -» H\F) -» e^ 1 ^) - (BeH^F.) - 0. 

Now, by the very definition of the graph G = G(Jf, /), one has the exact sequence: 

^ ff°(|G|) ^ ® V H°(F V ) - © e iJ°(F e ) - J^flGI) - 0. 

Now, we recall that there is a continuous map a : F — > |G (cf. 2.27) which is 
compatible with the above decomposition, in particular the above exact sequences 
(complexes) are connected by maps (i.e. by a morphism of complexes) induced by 
a. 
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This provides an exact sequence: 

-> H\\G\) £ H\F) £ ® V H\F V ) ^ ® e H\F e ) - 0. 

The monodromy acts on this exact sequence, the operators on the correspond- 
ing groups are: h? G ,, hi, ® w h w and (B e h e . Notice that for any w G W(T) the 
natural projection of T w to E w induces a m m -covering of F w — > E w with Galois 
group Z TOm . Moreover, the monodromy action h w can be identified with the action 
of the generator 1 of this Galois group. In particular, h w has finite order. Now, 
it is elementary to verify that the other monodromy operators h a (a G A) and h e 
(e G £) are also of finite order. On the other hand, ft,* G is finite by its construction. 

Let N be an integer such that A^ = 1 for any eigenvalue A of hi and h v . Then 
8°(im(hi° - 1)) = 0, hence H 1 ^) C im(h^° - 1). But, by the above corollary 
(3.21) (part b), these spaces have the same dimension. Therefore, we have: 

3.25. Corollary. Fix an N such that X N ° = 1 for any eigenvalue A of h\(f). 
Then the pairs (H 1 (\G\), /i* G |) and (im{h^ a — I), hi) are isomorphic. This identi- 
fication is compatible with the generalized eigenspace decomposition, in particular, 
for any eigenvalue A there exists the following commutative diagram: 







H 1 [ 



G\)x 

h* 
n \G\ 

G\)x 



H\F) X 
hi 

H\F) X 



coker(h 1 — l)\ 
hi 



coker(h 1 — 1) 



This shows that for any A: 



#l(f) = H\\G\)> 



Actually, in this diagram we can also see all the cohomology groups H 1 (modN(G)\) 
for arbitrary integer N. Indeed, the "orbit projection" oat : \G\ — > |modjv(G)| 
induces an injective morphism o* N : H 1 (\modN (G)\) — > i/ 1 (|G|) (where im(o* N ) are 
the invariant cocycles), therefore o* N can be identified with the inclusion 

H\\mod N {G)\) = ker(/ l ^ | - 1) H\\G\). 

3.26. The fact that the 2 x 2- Jordan blocks can be characterized by a graph 
with a Z-action, has the following interesting consequence (cf. [29]): 

3.27. Proposition. Assume that cr = and G(X, f) is connected. Assume that 
hi has a Jordan block of size 2 with an eigenvalue (3 with [3 k — 1 . Write k = pq 
with (p, q) = 1 . Then hi has a Jordan block of size 2 with some eigenvalue, say A, 
such that either X p = 1 or X q = 1 . 

Proof. Fix a vertex w* G W(T) such that there is an arrow a G A(T) with (a, w*) G 
£(T). Let £ n be the set of edges of F connecting two non-arrowhead vertices. For 
any e G £ n let w(e) be the vertex of e which has larger distance in T from w* (i.e. 
w(e) and w* are in two different components of T \ {e}). Then e i— > w(e) defines a 
bijection £ w — > W \ {if*}- By Euler-characteristic argument: 

l-c modfc(G ) = 9-cd.(k,n w ) - ^ g-cd.(k,n e ). 
wew eef„ 



RESOLUTION GRAPHS OF CYCLIC COVERINGS 



37 



But = 1 (cf. 2.33), hence: 

c mo d k (G) = E 9- c - d -( k , n e) - g.c.d.(k,n w ( e) ), 

ee£„ 

where n w t e ) \n e . 

If #/}(/) f° r some (3 with j3 k = 1, then c mo< i k ^Q) ^ 0, hence there exists 
e G £ n with (fc, n e ) > (k, n m ( e )). But then, for the same e, a similar strict inequality 
holds either for p or for q (instead of k). This ends the proof. ^> 

3.28. Remark. The above proof contains a generalization of the result (3.20) of 
Neumann. Namely, even if g ^ (but with c r ^ X ) = 0), there exist positive integers 
rii and rrii (i € 1), with m^ni, such that: 

E - E 5-cd.(JV, m) - g.c.d.(N, m t ). 

A«=l i 

3.29. The finiteness of hi revisited. Above we proved the characterization 
W\{f) = c G(x.f)i but we can still ask: when is this number zero? 

For example, Le D. T. proved that the monodromy of an irreducible germ 
/ : (C 2 , 0) -> (C, 0) is always finite [20]. 

In Le's result the irreducibility assumption is really important. Indeed, if we 
take / : (C 2 ,0) - (C,0) given by f(x,y) = (x 2 + y 3 )(x 3 + y 2 ), then by (2.38), 
the resolution of the double covering C 2 2 has a cycle, hence h\{f) is not finite 
(historically, this is the first germ with non-finite monodromy, found by A'Campo 
[!])• 

On the other hand, if / : (X, x) — ► (C, 0) has a finite monodromy h\(f), then 
Cy(x) must be zero (cf. 3.18). 

So, this motivates to investigate the case when cr(x) = and #A(T) = 1. 
Under a more restrictive condition, when Lx is an integer homology sphere, W. 
Neumann (using a stronger version of the identity (3.20)) proved that hi(f) is 
finite, provided that #^4(r) = 1 (sec [10] page 111, or [32]). The next result is a 
generalization of the results of Le and Neumann. 

3.30. Theorem. (cf. also with [29]) Assume that Lx is a rational homology 
sphere and f : (X, x) — ► (C, 0) defines an isolated singularity with #A(T) = 1. 
Then if#\ ^0 for some A of order k, then there exists a prime number p > 2 such 
thatp\k andp 2 \ |i?i(Xx,Z)|. 

In particular, if \Hi(Lx,%)\ is square free, then h\{f) is finite for any f . 
(Recall that the order \H\(Lx^)\ of the torsion group Hi(L x ,Z) is exactly 
\det(E w -E v )\.) 

Proof. Assume that # 2 ^ with A fe = 1. Then by (3.27), there is a prime num- 
ber p and eigenvalue r\ such that p\k, rf — 1 for some a > 1, and # 2 ^ 0. 
Write the characteristic polynomial A(t) = det(t/ii — 1) as a product of cyclo- 
tomic polynomials Y\ t 4>i (t) tl ■ By Wang's exact sequence and Alexander duality, 
cokcr(hi - 1) = Z). Then A(l) = UiM 1 )*' = \H!(L X ,Z)\. Now, if / is 

not a prime power, then 0/(1) = 1, whereas 0z(l) = q if I is a power of the prime 
q. Since hi has a double eigenvalue of order a power of the prime p, we obtain the 
divisibility p 2 \ A(l). 
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3.31. Example. [29] Consider the embedded resolution graph of / : (X,x) — > 
(C, 0), where (X, x) = {{x w + x 3 y 2 + y 3 + z 2 = 0}, 0) C (C 3 , 0) and f(x, y, z) = x: 



Then |det(£„ • E w )\ = \H 1 (L X ,1)\ = 4. Then G can be computed from 
2.33, hence the monodromy h\ contains exactly one Jordan block of size 2 and the 
eigenvalue of this block is = — 1 . 

Finally, we ask: in the above result (3.30), is it really important for Lx to be 
a rational homology sphere? Is the monodromy finite, for example, if c r r X ) = 0, 
#A(T(X, /)) = 1 and Tots(Hi(Lx,%)) = (i.e. the intersection matrix (E w -E v ) is 
unimodular)? The answer is negative! A possible counterexample is the following: 

3.32. Example. In theorem (3.30) not only cr = is important but also g = 0. 
To see this, take (X,x) = {{x 2 + y 7 - z 14 = 0},0) C (C 3 ,0) and the function 
f2{x,y,z) = z 2 — y as in (2.25) and (2.36). Let P be the intersection point of the 
strict transform S a of {/2 = 0} with the exceptional divisor E. Then, in some 
local coordinate system (u, v) of P, {u = 0} represents E (in a neighborhood of 
P), {v = 0} represents S a , and = u 2 v 2 (cf. 2.25). Consider g = z. Since z 
in the neighborhood of P can be represented as z — u (modulo a local invertiblc 
germ), f 2 + g k near P has the form u 2 v 2 + u k . For example, if k = 3, then one 
needs two more blowing ups in order to resolve / 2 + g k . In this case, the graph 
T(X, —y + z 2 + z 3 ) and its covering G(X, —y + z 2 + z 3 ) are the following: 



-2 



-3 





P 



-3 



-1 



-2 



[3] » 



(3) 



-• 



(2) (6) 



(1) 



So, in this case, the intersection matrix of T is unimodular, hence Hi(Lx, Z) is 
torsion free, cr = 0, and #A = 1, but # 2 _ 1 = 1, hence hi is not finite. The reason 
is that g ^ 0. 
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This also shows that part b) of Theorem B in [29] is true only with the addi- 
tional assumption g = 0. (The other statements of [29] are correct; the error in 
(B,b) comes from the identity (1) on page 591.) 
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